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Abstract: In thisresearch article we obtained someinequalities
between moments of 1st and 2nd order for a continuous
distribution over theinterval [x, y], when infimum and supremum
of the continuous probability distribution is taken into
consideration. These inequalities have shown improvement and
are better than those exist in literature. I nequalities also obtained
for continuous random variables which vary in [x, y] interval,
such that the probability density function (pdf) ¢t) become zero
in [p, g < [x, y]l.The improvement in inequalities have been
shown graphically. Here in this paper we deduced some existing
inequalitiesby using theinegualities obtained in Theorem 2.1 and
Theorem 2.2.
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[. INTRODUCTION

If ,ul/ be mean, ¢* be variance and ,ué the 2nd order
moment, thefor R.V. intheinterval [X, y] , we have following:

y
ui= [tp()dt @
y
%= j(t —1))2p(t)dt and (12)
y
b = j t2g(t)dt . (13)

Relationship between mean ( ,u1/ ), variance (c?) and second

order moment about origin ( yé) is:
Hy= 0"+ .

Bounds of the variance (c’= ,ué - ,ullz) of a RV, its

extensions and applications have been found in literature.

(1.4)
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These inequalities have been discussed extensively over the
period of time by B.C. Rennie, “On a class of
Inequalities”(1963), D.S. Mitrinovic, “Analytic Inequalities”
(1970), J.N. Kapur et a (1995), M.B. Benerjee et. a (1995),
JN. Kapur (1996), N.S. Barnett et a (1999), R. Bhatiaand
C. Davis in(2000), R Sharma et. a (2010). J.N. Kapur in
(1996) obtained the following inequality when R.V. fall in the
interval [x, yl:

0<o® < (y— )1y —X)
(1.5) can be written as

2 2
ogaz{ﬂ; _%YJ g(y%) e

JN. Kapur in (1995) has shown that the 2nd order
moment yé about origin lies between following maximum
and minimum values:

12 / /
o S S(X+Y) iy -Xy
Inequality (1.5) and (1.7) are equivalent.
The plot of inequality (1.7) showsthat point ( z; , 125 ) liesin

(1.5)

(1.7)

,ul/ yé— plane region between quadratic and linear curve of

moments as shown in figure (1.1).

Such type of basic inequalities their extensions, refinements
was studied by different mathematicians. Alternative proofs
for these inequalities also given by several authors. In
particular Sharma et. a (2012) had given proofs for the

inequalities involving moments of discrete uniform
distributions.
2 2 2
f X4y N ; X+Yy
Hy 2 + M~
N N-2 N

Thisinequality shows refinement in inequality (1.7) given by
JN Kapur in (1996). Here in this paper first two moments

,ul/ and ,ué of a R.V. which is continuous and which lie in

interval [X, y] are considered. We derive some inequalities
which involve 1st and 2nd order moments about origin for a
continuous probability distribution in the presence of
minimum and maximum values of the pdf when R.V. liesin
theinterval [, y]. A bound onvariance of aR.V. whichliesin
theinterval [X, y] was discussed by Kapur et. al, (1996) and is
given by inequalities (1.5),(1.6) and (1.8).
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Here we have obtained some refinementsin (1.7) subject to
the condition that pdf is taken into consideration (both
minimum and maximum values) and also discussed related
refinements and extensions. The main results (Theorem 2.1
and Theorem 2.2) gives bound for 2nd order moment and 1st
order moment subject to above condition that also shows
refinement in (1.7).

Sharma et. al. (2015) proved following inequalities (1.8)

and (1.9) below for the case when, mean is ull and standard
deviationisc for R.V. “t” ¢(t) ispdf definedin[x,y], mbe
the infimum and M is supremum of the function ¢(t) in the
interval [x, y], then

3
O s -

and

(y—XJZ_M(y—x):“ <02+(ﬂ/_X+y]2<M (y-x)°
<o+ s 1] <

X+ yjz S(y—X)Z_ mly -’
2 )2 6 (wg

2 6 12 (19)

In Theorem 2.3 it has been shown that above bounds can be
deduced by using Theorem 2.1 and Theorem 2.2 below.

We aso discuss the results i.e. in theorem 2.1 and 2.2
geometrically. Theorem 2.4 shows how the region in figure
1.1 for inequality (1.7) reduces to new region for new
inequality and shown by figure 1.2.

Il. MAINRESULTS

THEOREM 2.1

Let ull and ,ué be the moments, ¢(t) be pdf and “t” a

continuous R.V. whose pdf. isdefined intheinterval [x, y]. If
m be the greatest lower bound for pdf ¢(t) in [X, y] then we
must have,

2 W3
Y E
oy -0’ (1.10)
(X+ V)1 — Xy - e
PROOF
Consider

JIt? = (x+ Wt + xylg()dt = [ (£ - y)(E—x)g(t)t

Sincet liesin theinterval [x, y] therefore,
(t-x)(t-y)<0

= f[t2 — (X+ Y)t+ xylg(t)dt < mf (t— y)(t— x)dt

3
= 1 S(t+y)ﬂ{—w—w- (1.12)
2 2
Now t2 —(t+y)t+ty=(t— X;yj —(yng
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- Ly(tz —(x+ y)t+ %Jqﬁ(t)dt -

) . (112)

2
X+
I(t - _yj A(t)dlt
’ 2
Using properties of pdf ¢(t) over thelimitsx toyin (1.12) we
have

2 3
= 1> (t+y)u (izy] +m%.(1.13)

Inequality (1.10) now follows from inequality (1.11) and
(1.13).

By using algebraic operations and techniques of derivatives
for maxima and minima we can easily show that

/ _(x+y)*, mly-x)° _

2
o< (X+Y)uy 2 5 Hy <
m(y — x)3
(X+Y) i —xy—% < (X+Y)u =Xy
This shows refinement in (1.7).
THEOREM 2.2

Let ,ull and ,ué be moments of a continuous R.V. “t” whose

pdf ¢(t) isdefinedin[x, y]. If M be the least upper bound of
the function ¢(t) in [x, y] then we must have,

(X+Y) —Xy—M(y—_X)SSﬂé <
5 6 , (1.14)
(e yhu [ X5 | + MO
ROOF
Consider
y y
[Tt = O+ y)t+ xylg(tydt = [ (- y)(t - x)g(t)dt

Sincet & [x, y] hence we have:
(t-x)(t-y)<0

= T[t2 — (X+ Y)t+ xylg(t)dt > M f(t —y)(t - x)dt

= ub > (t+y) —xy—M(yT_X)g. (1.15)
Now
w15
:f(t?-(m y)t+{yJ2rxj J¢(t)dt=
Xy , (1.16)
j(t— X;y] #(t)clt

On simplifying (1.16) we have
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X
y s(x+y>y;—(y;

Inequality (1.14) now follows from inequality (1.15) and that inequality (1.19) is better than (1.7) when pdf ¢ (t)

(1.17)

2 M (y - X)3 can be deduced from inequalities obtained in theorem2.1 and
j + 12 2.2 by usingtherelation ,ué =%+ ,ul/ ? . Theorem 2.4 proved

(1.17). assume zero value in the interva [p,q] contained in [X, y].
Similarly (1.14) is refinement in (1.7) and is given as Betterment ininequality (1.19) explained geometrically and it
2 / M (y— X)3 / shovys that shaded region givep by inequal i.ty (1.19) in figure
o <X+ Y —xy— 5 < U, < 1.2 ismore compact than in figure 1.1 for inequality (1.7).
x+y) M(y-x? K2
/ / 2
(x+ y)ﬂl—( > j T U n
THEOREM 2.3

If tbeaR.V.in[x, y] and ¢(t) be pdf then inequalities (1.8)
and (1.9) can be deduced from (1.10) and (1.14) respectively.
PROOF

We know that ,ul/ \ /Jé and o are related by the following

equation:

h=c?+ 12 . (1.18)

Substituting value of ,ué from (1.18) in inequality (1.10), we

get inequality (1.8). Similarly substituting the value of ué E

from (1.18) in inequality (1.14), we get inequality (1.9). >
(x, 0) (0,0) (v.0) u
1

THEOREM 2.4 _
Ift bea R.V.whichliesin[x,y], with pdf ¢(t), such that ¢(t) Figure: 1.1

vanishesin [p, gl < [x, y ], we must have, E < (%, XZZL and Fo (v, ).
(P+Q) f4-PAS M (X+Y) fy- XY, (1.19)

From inequality (1.19) it is obvious that point (,ul/ ,,ué) in
yll yé - plane lies on or below the curve
,ué =(x+vy) ,u1/ - Xy and on or above the curve

15=(p+a) 44 - pa. ‘
Thisis shown in figure (1.2).

PROOF
Since (t-x) (t-y) <0 for tin [x, y] then, B
< (x+y)t—xy (1.20)
If ‘t’ liesoutsidei.e. t €[p, g] then,

t-p(t-9=0

2 >

t*>(p+q)t-pq (1.21) x 0) 0,0) v.0) !
1

Multiply (1.20) with ¢(t) the pdf and integrating with R.V. t )

between limitst = x and t =y we get maxima for inequality F|gur§: 12 ,

(1.19). Similarly, on multiply (1.21) by pdf ¢(t) and on Aep@Ep) Bo(@Q)

integrating minimafor inequality (1.19). , )

When ¢(t) vanishesin [p, g] < [x, y ] the point (,ul/ ,,ué) Ee (X' X ) and  F H(y’ y )

lies on or below the line joining points E and F. Further the
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