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Abstract: An even-odd harmonious labeling of a graph
G with P vertices and (] edges is a process of assigning odd
numbers 1,35,...,20—1 totheverticesthrough a 1-1 computing
function T and even numbers0,2,4,...,2(p—1) to the edges

through a bijective computing function f " with the condition that
f"(e=uv) = (f (u)+ f(v))(mod2q) whereu and v are

the vertices of G . This type of labelled graph is called as
even-odd harmonious graph.

Keywords: Graphs, Even-Odd Harmonious Labeling, I njective
Function, Bijective Function.

I. INTRODUCTION

Labeling of a graph is an immense and vast area of
research in the field of graph theory. It deals on how vertices
and edges of a graph are labelled with respect to certain
mathematical condition [1]. The recent research
advancements in the field of graph labeling have been taken
from Gallian [5]. Rosa [10] introduced the labelled graphs
and N. Lakshmi Prasanaet a. stated the applications of graph
labeling in [8].The concepts and terminology of graphs used
inthis paper are referred to the textbooks Harary [4] and West
[12]. Inthe year 1980, Graham and Sloane [3] introduced
the harmonious graph and later Z. Liang et al. [9] and P.B.
Sarasija et al. [11] introduced odd and even harmonious
graphs respectively in the years 2009 and 2011 and in the
later years even-odd harmonious labeling of a graph was
introduced by Adain Beatress and Sarasija [2].
Subsequently, in the year 2019, we have proved in [6] the
existence of the even-odd harmonious labeling of certain
graphs which are obtained through certain graph operations.
Further in the same year in [7], we aso shown the existence
of this labeling to certain family of acyclic graphs. Now in
this article, we prove the existence of thislabeling to certain
family of cyclic graphs.
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II. PRELIMINARIES

In this section, we recall the definitions of certain graphs
pertaining to this paper.
Definition 2.1

A fangraph F, (n > 2) isobtained by joining all vertices
of the path P, to a common vertex called the center of F_,

and contains N+1 verticesand 2Nn—1 edges.
Definition 2.2

A ladder graph L, =P, xK, is a planar, undirected,

connected  graph  with 2N vertices  and
n+2(n—1)=3n—2edges
Definition 2.3

The product graph of path P, and cycle C, is called

n
prism graph and it is symbolized by P, xC .
Definition 2.4

The total graph T (G) of G isthe graph with the vertex
set V U E and two vertices are adjacent whenever they are
either adjacent or incident in G . For example, when
G =P,, total graph of path T(PS) isgiveninFig. 1.

M) ()

O (O Y
Fig.2 T ( Ps) graph
Definition 2.5
The braid graph B(n) is obtained from the pair of paths

Fﬁ and F’n Let V},V,,...,V, aretheverticesof path Fﬁl and
u,u,,...,uU, arethe vertices of path Pn The braid graph is
defined as ajoin i™ vertex of path P with (i +l)th vertex
of path P, and the i" vertex of path P, with (i +2)th

vertex of path P with the new edgesfor all 1<i <n-2.
Definition 2.6
Thejellyfish graph J (M, n)isagraph with the vertex set
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V(I(mn))={uv,x y} U{u,U,,....u, }u
MV V, )
and the edge set
(3(mn)) = {60, (4 ), (X)), (K )}
{(u,u):i=12...,mof(v,v):i=12..,n}.
Definition 2.7
The P, (+)N

endpoints of path

is a graph obtained by joining the

m

P with m further vertices so that

n

V(P (+)Np ) ={t, Uy, Uy Vi, Vs,V | where
V(R,)={u,u,,...,u,} and
V(N )= {0 Vy,.es Vi } and

E (P (+)N ) = E(By )
(U ) (U, ) (U Vi ) (U 2 ) (U Vi ) (U Vi )}
For example P, (+) N, isshownin Fig. 2.

Fig. 2 PA(+) N, graph

Definition 2.8
The wheel W, is the graph obtained by joining every

vertex of the cycle Cn to exactly one vertex called the
center. The edges incident to the center are called spokes.

I11. EVEN-ODD HARMONIOUSLABELING OF
GRAPHS

In this section, we recall the definition of even-odd
harmonious labeling of graphs[2].
Definition 3.1

Let G(V, E) be a graph with order p and size g.An
injective function f :V —){1,3,5,...,2p—l} is called an
even-odd harmonious labeling of the graph G if the induced
edge function f :E— {O,2,...,2(q—1)} defined
by f"(e=uv)=(f (u)+ f(v))(mod 2q) is bijective

function.
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Definition 3.2
An even-odd harmonious graph is a graph which admits
the even-odd harmonious labeling.

Remark
The even-odd harmonious labeling of a graph is called as
EOH labeling of agraph for smplicity in this paper.

Example 3.1
An EOH labeling of G isshowninFig. 3

Fig. 3 EOH labeling of G.

IV. EVEN-ODD HARMONIOUSLABELING OF
CYCLIC GRAPHS

Theorem 4.1
The fan graph F, admits an EOH

when2<n<6.
Pr oof

Let V ={u}U{V, :1<i <n} be the vertex set of fan

labeling

graph where U be the common vertex and V, are the
vertices of the path P, .

Let E={e; =uv:1<i<nfu{g =vyv ,:1<i<n-1}
be the edge set of the fan graph F,. Here the fan graph has
p = Nn+1verticesand = 2Nn—21edges.

Define an injective
f:V —>{13,...,2(n+1)-1} such that
Case (i) N=2

f(u)=1

f(v)=2+1 1<i<2
Case (i) N=3

f(u)=2n+1

f(v)=n+2 f(v,)=1f(v;)=n
Case (i) N=4

f(u)=n+3

f(v)=2n+Lf(v,)=n+1Lf(v)=1"f(v,)=n-1
Case(iv) N=5

f(u)=n+2

function
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f(v)=2n+1f(v,)=2n-1f(v;)=n,
f(v ) f(v)=n-2

f(v)=2n-1f(v,)=2n+1f (v;)=n+3,

f(v,)=n-1f(v)=1Lf(v)=n-3

and an induced edge function

f":E—{0,2,4..., 2(2n—1)-2} such that
Case(i) N=2

f'(g)=2

f (uv)=4,f (uy,)=0
Case (i)

*

f'(e)=61"(e)=4
f (uy)=2f" (uv,)=81f"(u
Case (iii) N=4
'(8)=01"(e)=61"(&)=4

v,)=0

f (uv)=2f (uv,)=12f (uv;) =8 ()=
Case(iv) N=5
f(e)=21(e)=141"(&)=6f"(e)=4
f (uv)=0f" (uyv,)=16,f" (uv,)=12,
f (uv,)=8f (uyg)=10
Case(v) N=6
f(e)=21(e)=01"(&)=14
f(e)=61(e)=4
£ (1) =18, " (,) = 20, (Uv,) =16,
£ (0v,) =12, () =8, (uvy) =10
Where f is a 1-1 and onto function. The computing

functions defined in the proof of the theorem are giving the
EOH labelingof G.

Hence, the fan graph F, is an EOH graph

when2<n<6.
Theorem 4.2

The ladder graph L, admits an EOH
whenn zl(mod 2) .

Proof
Let V ={u :1<i <nfU{v; :1< j < n} be the vetex

labeling

st of the ladder graph L, Let
E={g=yu,,:1<i<n-1u { =V, ,:1< jsn—l}
. ) Published By:
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w{g =uv; :1<i <nand1< j <n} be the edge set of the

ladder graph L. Heretheladder graphhas p = 2n vertices
and g =3n— 2edges.

Define an injective function
f:vV —{13...,2(2n) -1} such that
f":E—{0,2,4,..2(3n-2)-2
f(ui):{ i,-ii.stodd
n—+1, riseven
2n+i—1, iiseven
f(v)= L
{2n+ n-1+i, iisodd
and an induced edge function

f*:E—{0,2,4,..2(3n-2)- 2} suchthat
f'(g)=f (uu,) =(n+2i+1)(mod 2q), 1<i<n-1
t(&)=f"(vv;..)=(5n+2j -1)(mod 2q), 1< j<n-1

f"(g)=f"(uv,)=(3n+2 —1)(mod 2q),
1<i<nand1l<j<n
Where ™ is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labelingof G ..
Hence, the ladder graph L,
whenn zl(mod 2) :
Example 4.1
An EOH labeling of L, isshowninFig. 4

is an EOH graph

D0 ()12 (5) 14 ()16

22 24

D) Oy e O e O O O

Fig. 4 EOH labeling of L, .

Theorem 4.3

The prism graph P, xC admits an EOH labeling

2m+1
Pr oof

Let V,, beany fixed vertex of theinnermost C,,..., and

Viz:Vigs- - -1 Vom,q DE the other vertices of the cycle taken in
the clockwise direction. For 2<i <, let V., be the vertex

of the i"™ copy of C

oms1 djacent to the vertex Vii-1)(2me1)

inthe (i —1)th copy of C and take the other vertices V,
py 2mil i

in the clockwise direction asin the first copy of C,.. ;.

© Copyright: All rights reserved.
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Where the vertex set is
V ={y; :1<i<nand1< j < 2m+1f and the edge set
of Gis E={g =V, 1<i<nandl<j<2mu
{g =v\v,:j= 2m+1and1s j<nu
{6 =V, 1<i<nandl<j<2mpu
{g =V, 1<i<nand j=2m+1.
Define an injective
f:V —{13,...,2(nm) -1} such that
(V‘):{ (i-1)(2m)+ j, jisodd
Vo (i-1)(2m+1)+m+ j, jiseven
and an induced edge
£ E—>{0,2,4,...2(nm+(n—l)m)—2} such that

£ (g )=((i—1)(4m)+m+1+2j)(mod 2q)

Where f is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labelingof G .

Hence, the prism graph P, xC,, ., isan EOH graph.

function

function

Example 4.2
An EOH labeling of P, xC; isshowninFig.5

46

Fig. 5 EOH labeling of P,xC,
Theorem 4.4
The tota graph T(P,) admits an EOH labeling
whenN=2,
Pr oof
Let V ={u :1<i<nju{y, :1<j<n-1} be the

vertex set of the total graph where U, are the vertex of the

pah P ={g =uu,:1<i<n-Lu

n
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(& =V

1<j<n-Lu
{g =uyv, :1<i<n-landi<j<n-1fu

{q UV,

i+1

i =j1<i<n-land1<j<n-1}
be the edge set of the total graph T ( F;) . Here the total
graph has P = 2n—1verticesand (= 4Nn— Sedges.

Define an injective function
f:V —>{13,...,2(2n—1)-1} such that
f(u)=4(i-1)+11<i<n

f(v)=4(j-1)+3,1<j<n-1and an induced
edge function f: E—>{0,2,4,...,2(4n—5)—2} such
that
= f"(uu.,)=(6+8(i-1))(mod 2q), 1<i <n-1
= £(v}v;.1) =(10+8(j-1))(mod 2q), 1< j <n-2
qj):f (uv;)=(4+(i-1)8) (mod 2q), 1<i <n-11<j<n-1
t'(g)=1"(u.v,)=(8+(i-1)8)(mod 20), 1<i <n-11< j<n-1

Where f” is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labelingof G.

Hence, the total graph T(R]) is an EOH graph

whenn> 2.

—
*
—_

Example 4.3
AnEOH labeling of T (P, ) isshown inFig. 6

0 V18 N6 A 3

3 9 13 17
6 o 1w\ n\J U

Fig. 6 EOH labelingof T ()
Theorem 4.5
The braid graph B(n) admits an EOH labeling,

whenn=> 3.

Proof
Let V ={u :1<i<nju{v, 1< <
set of the braid graph.

n} be the vertex
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E={e=uu,,:1<i<n-1}u
{e = 1<j<n-Lu
{qu

{%H—Z)

be the edge set of the braid graph B(n) .Here the braid

] j+l

Let
:1<i<n-landl< j<n-1}u

i ]+1

=u,,V, 1<i

<n-2andl<j< n—2}

graph has p = 2Nverticesand g = 4(n —1) edges.

Define an injective function
f:v—{13...,2(2n)-1} such that

f(ui):4i—3, 1<i<n

f(v,)=4j-11<j<n
and an induced edge function
f":E—>{0,2,4,..2(4n—-4)-2| such
that
f'(e)=f"(uu,,)=(6+8(i-1))(mod 2q), 1<i<n-1

(,,ﬂ) (10+8(i —1))(mod 2q), 1<i<n-1

(8
f'(e)=t
f (IM) u J+1) (8)(mod 2q), 1<i<n-1,1<j<n-1

£ ()= f

Where f ™ is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labelingof G .

Hence, the braid graph B(n) is an EOH graph,

I+2v =(12+8)(mod 29), 1<i<n-2,1< j<n-2

whenn> 3.

Example 4.4
An EOH labeling of B(S) isshown in Fig. 7

6 (o) 14

()2 (3)0

0 s D Uy
Fig. 7 EOH labeling of B(5)

Theorem 4.6
The graph P, (+) N, admits an EOH labeling, when
Nn=Jlandmz=1.

Pr oof

Let V ={u :1<i §2n}u{vj 1< gm} be the
vertex set of the graph P, (+) N,
Let E={g=uu,, 1<i sZn}u{elj =uyv, :1<j sm}
u{enj =UV; 1< Sm} be the edge set of the
Retrieval Number: D2033029420 /20200BEI ESP
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graph Pzﬂ(+) N, . Here the graph P2n(+) N, hes
p =2n+Mmverticesand = 2N+ 2mM—1 edges.

Define an injective function
f:V —{13...,2(2n+m) -1} such that
f(v,)=2n+2j-L1<j<m
i, iisodd
f (ui)={ od
m+ 2n+i, liseven
and an induced edge function

f":E—>{0,24,..2(2n+2m-1)—-2} suchtha
f*(el)z f (u|u|+1) (2n+2m+2|)(mod2q),1si <n
f*(qj): f (ulvj):(2n+2j)(mod2q), 1<j<m
(&)= 1 (unv; ) = (2m+3(2n-1) +2j +1)(mod 29), 1< < m

Where f” is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labelingof G.

Hence, the graph P, (+) N,, is an EOH graph, when
n>landm=>1.

Example 4.5
An EOH labeling of P, (+) N, isshowninFig. 8

Fig. 8 EOH labeling of P, (+) N,.

Theorem 4.7

The jellyfish graph J(m,Nn) admits an EOH labeling,
whenm,n=>1.
Pr oof

V={u:1<ismiofy i< j<nfu{ufu{viu{xtufy} b
e the vertex set of the jellyfish graph.

Let E={g =yu:l<i sm}u{e'j =V,Vi1< sn}u

{exyzxy}u{qszux}u{q,yzuy}u{qxzvx}u

{e,y =vy} be the edge set of the jellyfish graph J (m,n).
Here the jellyfish graph has P =mMm+nN+4 vertices and
g=m+nNn+5 edges.
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Define an injective function
f:V —>{13...,2(m+n+4)} —Lsuch that

f(u)=2-1,1<i<m
f(v,)=2m+4)+2j-L1<j<n
f(u)=2m+3
f(x)=2m+1
f(v)=2m+5
f(y)=2m+7

and an induced edge function

f":E—{0,2,4,..2(m+n+5)—2} suchthat

f(g)=1f (uu

f(e)=f"(v,v)=(4m+3)+2j)(mod 2q),
1<j<n

t" (&)= " (xy)=(4(m+2))(mod 2q)

f(ey)=f (ux)=(4(m+1))(mod 2q)

f*(e,)=f"(uy)=(4n+10)(mod 2q)

f (ey)=f (wx)=(4n+6)(mod2q)

(&)= " (w)=(4(n+3)(mod 20)

Where f is a 1-1 and onto function. The computing

functions defined in the proof of the theorem are giving the
EOH labelingof G .

Hence, the jellyfish graph J(m,n) is an EOH graph,
whenm,n=>1.

Example 4.6
An EOH labeling of J (4,5) isshowninFig. 9

Fig. 9 EOH labeling of
Theorem 4.8
The planar graph (B, UmMK,)+ N, admits an EOH
labeling, when K >1.

Proof
Let

V={u:i :lz}u{

J(4,5)

vertex set of the planar graph (B, UMK)+ N, . Let

Retrieval Number: D2033029420 /20200BEIESP
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={a=uu,}ule, =uxjuie, =uxju
(e, =wy}ule, =uyjule, =vx:l<j<miu
{éjy =Vv,y:1<j< m} be the edge of the planar graph

(BR,umK))+ N, . Here the graph (P, wmK,)+ N, has
p=m+4 verticesand g =2mM+5 edges.

Define an injective function
f:v—{13..,2(m+4)-1} suchthat

f(y)=3i=1

f(u)=2k+5,i=2

f(x)=1

f(y)=2k+7

f(v]) 2]+31<j<m

and an induced edge function
f 0,2,4,...2(2m+5)— 2} such that

\2
I~

f*(uu,)=(8+2k)(mod 2q)

x):(4+2j)(mod 29),1<j<m
)=(2k+2j+10)(mod 2q), 1< j<m

() =1"(v
f*(e}y): f*(vjy
Where f” is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labelingof G ..
Hence, the planar graph (P, wmK,)+ N, is an EOH
graph, when k>1

Example 4.7
An EOH labeling of (P, W3K,)+ N, isshowninFig. 10
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Fig. 10 EOH labeling of (B, U3K))+ N,

Theorem 4.9
The Peterson graph admits an EOH labeling.

Proof
Let V ={Uy, Uy, Us, Uy, Us, Vg, V5, V3, V4,V be the vertex
Set of Peterson graph. Let
E={wvfl<i <5} U{vv}u{uyfi<i<5}
U{UjUs, UsUs, UsUy, Ualy, Ugly | be the edge set. Here the
peterson graph has 10 vertices and 15 edges.
Define an injective
function f :V —{1,3,5,7,9,11,13,15,17,19} such that
f(y)=2-11<i<5
f(w)=15 , f(v)=19 ,
f(vg) =11
and an induced edge function
f':E —>{0,2,4,6,810,12,14,16,18, 20,22, 24,26,28 such
£ (vvp) = 4 : Fow)=2
7 (vavg) =0 f (Vyv5) =28, f (vevy) = 26. f (Uug) =18 ,
£ (Ugug) =14 ,
7 (UsUp) =12, f (Uply) =10, f (Ugty) =8. f~ (vyty) =16
, £ (VoUy) = 22 ,
£ (VaUg) =18, ™ (Vauy) = 24, f (Vslig) =20

f(vz)=13 , f(vy)=17 ,

that

Where f* is a 1-1 and onto function. The computing
functions defined in the proof of the theorem are giving the
EOH labeling of G . Hence, Peterson graph is an EOH
graph.

Example 4.8
Peterson graph isshown in Fig. 11
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Fig. 11 EOH labeling of Peterson graph

Theorem 4.10
The wheel graph W, does not admit an EOH labeling

whenn > 3.
Pr oof

We prove this theorem by giving a counter example
which isshownin Fig.12.

Let us consider awheel graph W .

Fig. 12 Labeling of W
Let V ={V,\,,V,,V;,V,,V;} be the vertex set of wheel

graph W5 . Let  E={vV,,W,V;,WV,,V,V, .V}
AW, W,, W,;, W, , W,} be the edge set of wheel W\ .

As per the definition (3.1) of the even-odd harmonious
labeling, we assign the labelsto the vertices of W asfollows:
f(w=7 , f(vp=1, f(vp)=3 , f(vz)=11 ,
f(vg)=9, f(vs)=5. The edge labels can be computed
using the edge function " givenin the definition (3.1). That
is, f :E—{04,68101214,14,16,18 computes the
labels asfollows:
f'(w,)=8 ,
f*(Wz) =10, f*(W3) =18, f*(W4) =16, f*(ws) =12,
f (vyv,) =4, f (w)=14, f (W) =0 f'(vy)=14
, F7(%Vv)=6.
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Here the number “14” is repeated twice. Hence the function

" is not bijective. Therefore the wheel graph W is not
admitting a EOH labeling.

V. CONCLUSION

In this paper, we have proved the existence of even-odd
harmonious labeling to certain interesting family of cyclic
graphs such as fan graph, ladder graph, prism graph, total

graph, braid graph, P, (+)N jellyfish  graph,

m L
(B, U3K,)+N,, peterson graph. Interestingly, we have

proved that the wheel graph W, when N>3 is not
admitting this labeling.
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