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Abstract: The Narayana prime cordial labeling of a graph
G(U , E) isa process of assigning the binary numbers0and 1to

the edges satisfying the cordiality condition through a 1-1
function on U and an induced function on E. In this manuscript,
we compute this labeling to certain cycle related graphs and tree
related graphsviz. (i) ladder graph, (ii) wheel graph, (iii) fan graph,
(iv) double star graph, (v) bistar graph and (vi) generalized star
graph..

Keywords. NP-cordial graphs, Prime numbers, Narayana
numbers.

I. INTRODUCTION

Let G(U, E)beagraph with vertex set U and edge set E. A

mathematical scheme [1] of allotting numbers or labels to the
vertices or edges of G issaid to be agraph labelingof G . A
first labeled graph was introduced by A.Rosa [10] in the year
1967. A list of applications of graph labeling can be found in
[6]. The developments in the research field of graph labeling
are updated by J.A.Gallian [4] in day to day basis. The graph
terminologies and notions in this paper are referred to Harary
[5]. B J Murdi et d. introduced the Narayana prime cordial
graphs using Narayana numbers [8]. We refer the research
articles [7, 9 and 12] for Narayana numbers and their
properties. Subsequently in [2, 3 and 11] one can find the
Narayana prime cordia labeling of someinteresting family of
graphs. In this research article, we prove the existence of this
Narayana prime cordia labeling to the ladder graph, wheel
graph, fan graph, double star graph, bistar graph, and
generalized star graph.

I1. NP-CORDIAL LABELING OF GRAPHS

We recall the Narayana prime cordial graphsintroduced by
Murali B.J et a [8] in this section, with an appropriate
example.
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Definition 2.1: [8]

Let G(U,E) be a simple graph and N be the set of
non-negative integers. A 1—1 mapping f :U — Nj of the
graph G is called a Narayana prime cordial labeling if the
induced edge mapping f :E—>{01} defined for all
uve Eand u,veU such that

£ (w)=1if p|N(f(u), f(v)),wheref (u)> f(v)and

f (u)=p™ for someme Ny;1< f (v) <
f (u)—2where pisa primenumber
=1if pIN(f(v), f(u)),wheref (v)> f (u)and
f (v)=p™ for someme Ng;1< f (u) <
f (v)—2where pisa primenumber
=0if p{ N(f(u),f(v)),wheref (u)> f(v)and
f (u)= p™—1for someme N;;0< f (v)<
f (u)—1where pisa primenumber
=0if pt N(f(v), f(u)),wheref (v)> f (u)and
f(v)=p™-1for someme Ny;0< f (u)<
f (v)—1where pisa primenumber
satisfying the condition ‘ef* (0)—e,- (1)‘ <1 where
e, (0) and e;- (1) represents respectively the number of
edges with the label 0 and 1.
Definition 2.2

A graph G(U, E) which admits a Narayana prime cordial

labeling is called as a Narayana prime cordia graph.

Remark

In this paper, we call the Narayana prime cordial labeling of
agraph as NP-cordial labeling of a graph for simplicity.

Example 2.1
Fig. 1isan example of NP-cordial graph.
2? 28 -1 2t 0 2° -1
o L L L
Fig. 1 NP-cordial labeling of P,
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Il NP-CORDIAL LABELING OF CYCLERELATED  Cag (ji) when n=0(mod 2)

GRAPHS

In this section, the existence of the NP-cordial labeling of
some cycle related graphs such as ladder graph, wheel graph
and fan graph are proved.

Theorem 3.1
The ladder graph L,, admits a NP-cordial labeling for

n>2.
Proof

Let V ={ufL<i<n}u{v;fi< j<n} be the vertex set
and E={uu  <i<n-Lu{vu f<i<n-1ju
{uMmML<i<n} bethe edge set of the graph L,,.

Then L, has 2n verticesand 3n—2 edges
Case (i) when n=1(mod 2)

Definea 1—1 function f :U — Ny such that

f(Ui)z{ gi ,i=1(mod2)and1<i<n

2'-1,i=0(mod 2)and1<i<n

o :{2’“_1 , j=1(mod 2)and1< j<n

2™ -1, j=0(mod 2)and1< j<n
and f":E— {01} asinthedefinition2.1.

3(n-1)
2

Through these functions,

3(n-1)

and edges receive the label 0.

+ ledges receive label 1

Definea 1—1 function f :U — Njsuch that
f(ui):{z_‘ ,i=1(mod2)and1<i<n,i=n
2' -1 i=0(mod 2)and1<i<n
'y :{2'”.1' , j=1(mod 2)and1< j<n
2™ ~1, j=0(mod 2)and1< j<n

and f*:E— {01} defined asin the definition 2.1,

3n
Through these functions, 7—1edges receive the label 1
3n .
and 7—1 edges receive the label 0
3n 3n

That is, e;- (1)=7—1and e (0)=7—1 . Therefore
& (0)—e;- (1] <1 is satsfied.

In al cases, the condition ‘ef* (0)-e,- (1)‘ <lis satisfied
and therefore the ladder graph L, isaNP-cordia graph.

Thefollowing examplesillustrate the NP-cordial labeling of
the ladder graph.

Example 3.1

When n =6 the NP-cordial labeling of Lg isgivenin Fig.
2.
Example 3.2

When n = 5the NP-cordial labeling of Ls isgivenin Fig.

That is ef*(1)=3(n2_1)+1and ef,.(o)=3(”2‘1) 3
Therefore e;- (0) —&- (1) <1 is setisfied,
0 1 0 1 1
1 o 1 0 1 O
O 1 0 1 0

Fig. 2 WP-cordial labeling of L

Fal -

Fig. 3 NP-cordial labeling of Lg
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Theorem 3.2
The wheel graph W,, admits aNP-cordial labeling when

n>3.
Proof

Let V ={Vg,W,Vy,...,V, | bethe vertex set and
E={uV,q [1<i <nfU{vv } U{vpuL<i <n} bethe
edge set of W,

Then W, has n+1 verticesand 2n edges.

Definea 1-1 mapping f :U - N as

f(v)=2""-1

f(v)=2, 1<i<n
and f":E— {01} asinthedefinition2.1.

These functions provide the label 0 to ‘n’ edges and the
label 1to ‘n’ edges.

That is, .- (1)=n and ;. (0)=n . Therefore
ey (0)—e- (1) <lissatisied.

Hence the wheel graph W,, admits a NP-cordial labeling.
The following example illustrates the NP-cordial labeling
of the wheel graph W, .

Example 3.3
The NP-cordia labeling of W isgivenin Fig. 4.

Fig. 4 NP-cordial labeling of W

Theorem 3.3
Thefan graph F,, admitsaNP-cordial labelingwhenn>2.
Pr oof

Let V ={VO,V1,V2,...,Vn} be the vertex set and
E={uV,;|1<i<nj U{Veu[L<i <n} be the edge set of
F,.

Then F, has n+1verticesand 2n—1 edges.

Definea 1-1 mapping f :U > N as

f(vp)=2

f(w):{gi+1 Li=1(mod?2)

211 i=0(mod 2)
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and T :E—{0,1} asinthe definition 2.1.
Case (i) when n=1(mod 2)

Through these functions, n—1edges receive the label 0
and Nedges receive the label 1.

That is, €. (1)=n and e, (0)=n—-1 . Therefore

oy (0)- & (1) <1 issatisfed
Case (ii) when n=0 (mod 2)

Through these functions, Nedges receive the label 0 and
N —1edgesreceive thelabel 1.

That is ef*(l)zn—l and ef*(O)zn . Therefore

ey (0)-e- (1) <1 issdtisfied.

Hence in both cases the fan graph F,, admitsa NP-cordial

labeling.
The following example illustrates the NP-cordia labeling

of the fan graph F,.

Example3.4
The NP-cordial labeling of the fan graph F5 isgiveninthe
Fig. 5.

21 2

2? 28 -1 2
Fig. 5 NP-cordial labeling of Fg

IV. NP-CORDIAL LABELING OF TREE RELATED
GRAPHS

In this section, the existence of NP-cordial labeling of some
tree related graphs such as bistar graph, double star graph and
generalized star graph are proved.

Theorem 4,1
Thedouble star S, ,, admitsa NP-cordial |abeling
Pr oof

Let V={V}u{ull<i<nlu{u|<i<n} be the
vertex set and E={wufl<i<nju{uufi<i<n} be
edge set of S,,,. Then the double star S, , has 2n+1

verticesand 2n edges.
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Definea 1-1 mapping f :U - Nj as
f(v)=1
f(ui):2i+1,
f(vi):3i+1_1
and f":E—{01} asinthedefinition2.1.

1<i<n

Through these functions, nedgesof S, , receive the label
1 and n edges receive the label 0.
This means that, €, (0)=nand €;. (1)=n. Therefore

ey (0)-¢&- (1) <1 issatisfied.
Hence the double star S, , admits a NP-cordial |abeling.

The following example illustrates the NP-cordial labeling
of thedouble star S, ,.

Example 4.1
The NP-cordial labeling of the graph S, 5 is given in the
Fig. 6.

32-1

33-1 3*—1 35-1 36-1
Fig. 6 NP-cordial labeling of S5 5

Theorem 4.2

The bistar graph Bn,m admits aNP-cordial |abeling.
Proof

Let By, be the bistar graph with vertex set

V={4|0<i<nfu{v |0<i<m} and edge set
E :{uovo}u{uovj <j< m}u{voui fl<i<nj.

Then the bistar graph has (m+ n+2) vertices and
(M+n+1) edges.

Definea 1-1 mapping f :U — N such that

flu)=1 f(v)=2

f(ui):{ 3, i=1(mod2)

3 -1,i=0(mod2)
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f("i)z{ 2:11 ' i.El(mOdZ)

2" —-1,i=0(mod2)
and f":E—{01} asinthedefinition2.1.

Case (1) when n=0(mod 2)and m=0(mod 2)
Inthiscase, B, ,, hasodd number of edges. The functions

defined above will enable the graph such that (g+g)

number of edges receive the label 1 and (2+g+1}
number of edges receive the label 0.
This

means that,

ef*(l):(g+g+l) . Therefore‘ef*(O)—ef*(l)‘Sl is
satisfied.
Case (2) when n=0(mod 2)and m=1(mod 2)

In this case, By, has even number of edges. Through

these labeling functions (2+m7+1j number of edges

receive the label 1 and (2+m7+1j number of edges

receive the label 0.

This means that, ef*(O):(D+m+lj and

2 2
n
(D)= 2
e (0= 3
satisfied.
Case (3) when n=1(mod 2)and m=0(mod 2)

+mT+1) . Therefore‘ef* (O)—ef* (1)‘Sl is

Here B, has even number of edges. Through these

functions (nTﬂ + gj number of edges receive the label 1

and (n—;l + gj number of edges receive the label 0.

e (0)=[ 1, M) g
f 2 2

e (1):(n—;rl+gJ . Therefore‘ef* (O)—ef* (1)‘Sl is

This means that,

satisfied.
Case (4) when n zl(mod Z)and mzl(mod 2)
Inthiscase, By, , hasodd number of edges. Through these

labeling functions (nT-'_l + mTﬂj number of edges
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n-1 m+1

Receivethelabel 1 and (T + Tj number of edges
receive the label 0.

This

n-1 m+1
@5

ey (0)—¢- (1) <1 is satisfied.

means that,

e, (o):[”T”ﬂT*lj and

Therefore

In al cases the condition ‘ef*(O)—ef*(l)‘sl is

satisfied. And hence the bistar graph admits a NP-cordial
[abeling.

The following example illustrates the NP-cordial labeling
of the bistar graph.

Example 4.2
The NP-cordial labeling of B4’3 isgiveninthe Fig. 7

Fig. 7 NP-cordial labeling of B, 3

Theorem 4.3
The generalized star graph Sm,n admits a NP-cordia

labeling.
Proof
Let Spp be the generalized star graph with vertex set

V={v0}u{vij[1£i§n,1£j£n} and the edge set
E={vowll<j< n}u{\/ijv(i+1)j[1si <m-11<j < n} :

Then the star graph S, has (mn+1) vertices and M
edges.
Case (1) when m= O(mod 2)

Definea 1-1 mapping f :V — Ny such that

)=
and f":E— {01} asinthedefinition2.1.

From these labeling functions mn/ 2 edges receive the
value 1 and mn/ 2 edges receive the value 0.

p™t . j=0(mod2)and j<n, 1<i<m

pji+1_1' i El(I’TDdZ)and j<n, 1<i<m
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This means that, e,- (0)=rmn/2and e (1)=mn/2.
Therefore e, (0) - & (1)| <1 is stisfied.
Case (2) when m=1(mod 2)

Definea 1—1 mapping f :V — Njsuch that

f(v)=

p,t , j=1(mod2)and j<n, 1<i<m

P, -1, j=0(mod2)and j <n, 1<i<m

() p =1(mod2)
Vi )=9
in pn|+l_11 i EO(rTDdZ)
and f":E—{0,1} asinthe definition 2.1.
Subcase (2(i)) when n=0(mod 2)
In this case we have even number of edges in the graph.

From these labeling functions mn/ 2 edges receive the
label 1 and mn/ 2 edges receive the label 0.

This means that, - (0)=mn/2and e,- (1)=mn/2 .
Therefore the condition ‘ef* (O)—ef* (1)‘ <1 issatisfied.

Subcase (2(i)) when n=1(mod 2)
In this case, we have odd number of edges in the graph.

mn+1
From these labeling functions, edges receive the

mn-1
label 1 and T edges receive the labdl 0.

mn-1 mn+1
Thismeansthat, e, (0) = and ;- (1) = 2+ .
Therefore‘efx (0)—e,- (1)‘ <1 is satisfied.
Hence in al cases the cordidity condition

& (0)-&- (1) <1 issatisfedt

Hence the proof.
The following example illustrates the NP-cordial labeling
of the star graph.

Example 4.3
When m=3,n=5 the NP-cordia labeling of S35 is
givenin Fig. 8.
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1

1 0 1 0 0

@23 @®3-1 [ IR ®7-1 @113-1
1 0 1 0 1

[ ) o [ ) [ ] [ )

24 3t -1 54 7t -1 114

Fig. 8 the NP-cordial labeling of S5 5

V. CONCLUSION

In this paper we have computed the NP-cordial labeling of
ladder graph, wheel graph, fan graph, double star graph,
bistar graph and generalized star graph. Computing
NP-cordial labeling of other family of graphsisan interesting
and potential area of research in graph theory and future
scope for the readers.

REFERENCES

1. B.D. Acharya, S.M. Hegde, Arithmetic Graphs, J. Graph Theory, 14(3)
(1990), 275-299.

2. Balamurugan B.J,, Thirusangu K., Murali B.J, Venkateswara Rao J.
(2019) Computation of Narayana Prime Cordia Labeling of Book
Graphs. Applied Mathematics and Scientific Computing. Trends in
Mathematics.2019, 547-553.

3. Balamurugan B.J, Thirusangu K., Murai B.J. (2019) Computing
Narayana Prime Cordial Labeling of Web Graphs and Flower Graphs.
Ambient Communications and Computer Systems. Advances in

AUTHORSPROFILE

S Venkatesh received his M.Sc. and M.Phil.
degrees in Mathematics from the University of
Madras, Chennai, India.He has passed the
“JOINT UGC-CSIR NET (JRF) examination. He
is currently pursuing Ph.D. in Mathematics at
VIT, Chennai. His area of research is Graph
Theory.

Dr.B.J.Balamurugan received his Ph.D.
degree in Mathematics from the University of
Madras, Chennai, India. Currently, he is an
Assistant Professor (Senior) of Mathematicsin the
School of Advanced Sciences at VIT University,
Chennai Campus, Chennai, India He has more
than 22 years of teaching experience at

Undergraduate and Postgraduate level courses.

Intelligent Systems and Computing, 904, 2019, 411-419 Springer,  Dr.B.JBalamurugan has published more than 32 research papers in various
Singapore. journals and conference proceedings. His research interest includes graph
4. JA. Gdlian, A Dynamic Survey of Graph Labeling, Electronic Journal  theory, graph grammars, fuzzy logic and Petri nets.

of Combinatorics, DS6 (2018).

5. F. Harary, Graph Theory, Addison-Wesley, Reading Mass (1972).

6. N. Lakshmi Prasana, K. Saravanthi, Nagalla Sudhakar, Applications of
Graph Labeling in Major Areas of Computer Science, International
Journal of Research in Computer and Communication Technology, 3(8)
(2014).

7. Miklos Bona, Bruce E. Sagan, On Divisibility of Narayana Numbers by
Primes, Journal of Integer Sequences, 8 (2005).

8. B.J Murdli, K. Thirusangu, B.J. Balamurugan, Narayana Prime Cordial
Labeling of Graphs, International Journal of Pure and Applied
Mathematics. 117(13), (2017) 1-8.

9. M. Randic, D. Morales, O. Arauji, Higher-order Lucas Numbers,
Divulgaciones Mathematicas, 16(2) (2008), 275-283.

10. A. Rosa, On Certain Valuations of the Vertices of a Graph, In Theory of
Graphs (Internat. Sympos. Rome. 1966), Gordan and Breach. Newyork.
Dunod. Paris (1967), 349-359.

11. S Venkatesh, B J Balamurugan, Narayana Prime Cordial Labeling of
Complete Graph and Complete Bipartite Graph, International Journal of
Engineering and Advanced Technology, 9 (1S3), (2019),360-365.

12. Thomas Koshy, Catalan Numbers with Applications, Oxford University
Press (2009).

Published By:

Retrieval Number: D2065029420/20200BEIESP Blue Eyes Intelligence Engineering
_ 3104 & Sciences Publication (BEIESP)
Journal Website: www.ijitee.org © Copyright: All rights reserved.

DOI: 10.35940/ijitee.D2065.029420




