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Abstract: The present paper deals with the q-analogue of 
Hartley transform which is the q-extension of Hartley transform. 
It is an orthogonal transform which is defined in the domain -∞ to 

∞ whose kernel is (cosinusidal) function ‘cas’ which is a 

combination of trigonometrical functions ‘sin’ and ‘cos’. The 

q-analogue of Hartley transform is defined in the domain -∞ to ∞ 

whose kernel is ‘cas_q’ function which is a q-extension of ‘cas’ 

function. In the similar manner ‘cas_q’ is a q-extension of 
combination of q-extension of trigonometrical functions ‘sin_q’ 

and ‘cos_q’ defined in Kack and Chengue book [18]. In this paper 
we will establish some basic properties of q-Hartley transform, for 
instance linear property, change of scale property. 
 

Keywords: q-extension of trigonometrical, q-analogue of 
Hartley transform, q-extension of ‘cas’ function. 

I. INTRODUCTION 

Our real world is encountered with conversion of real 

world problem into a mathematical problem specially in the 
form of calculus in which we express a daily life problem in 
terms of differentiation and integration. Furthermore, we 
discover differential and integral of arbitrary order. 
q-analogue of Hartley transformation is a generalization of 
Hartley transformation which has a close connection with 
well-known Fourier transform, was discovered in 1942 [1]. 
Its alluring properties of symmetry (the inverse and forward 
transformation of Hartley transform are identical) and 
conversion of real valued signal in to a real valued frequency 
signal were observed at the time of applying Hartley 
transform in the area of communication theory [2]. We were 
not much more knowing about the Hartley transform until the 
publications on discrete Hartley and fast Hartley transform 
have been published by Bracewell [3]. He observed that the 
real spectrum which is derived from Hartley transform from a 
real valued signal, contained phase information and 
simultaneously it also possesses magnitude information and 
he showed in his research that analogue phase measurement 
is possible with suitable apparatus [3-7]. Lot of research has 
been carried out in the area of signal processing related to 
Hartley transform and same has been published which can be 
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found [8-12]. It plays a wide role to recognize the pattern 
[13-15]. ‘Hartley Phase Spectrum (HPS)’ summarizes the 

phase content of the function more accurately, compared with 
its Fourier counter audio (gunshot) classification [16], speech 
(phoneme) classification [17] 

II.  MATHEMATICAL PRELIMINARIES 

q-Differential and h-Differential 
For any arbitrary function 𝑓(𝑥) q-differential is defined as 
follows 
𝑑𝑞𝑓(𝑥) = 𝑓(𝑞𝑥) − 𝑓(𝑥)                             (1) 
and its h-differential is 
𝑑ℎ𝑓(𝑥) = 𝑓(𝑥 + ℎ) − 𝑓(𝑥)                             (2) 
in particular for 𝑓(𝑥) = 𝑥 
𝑑𝑞𝑥 = 𝑞𝑥 − 𝑥 = (𝑞 − 1)𝑥                                  (3) 

𝑑ℎ𝑥 = (𝑥 + ℎ) − 𝑥 = ℎ                                   (4) 
q-Derivative and h-Derivative 
Notations, 𝐷𝑞𝑓(𝑥)and 𝐷ℎ𝑓(𝑥) are used to represent q and 

h derivative of 𝑓(𝑥) respectively and following expressions 

𝐷𝑞𝑓(𝑥) =
𝑑𝑞𝑓(𝑥)

𝑑𝑞𝑥
=

𝑓(𝑞𝑥)−𝑓(𝑥) 

(𝑞−1)𝑥
                         (5) 

𝐷ℎ𝑓(𝑥) =
𝑑ℎ𝑓(𝑥)

𝑑ℎ𝑥
=

𝑓(𝑥+ℎ)−𝑓(𝑥) 

ℎ
                           (6) 

are said to be q-derivative and h-derivative, respectively of 
the function 𝑓(𝑥).  
Here note that if 𝑞 → 1  and ℎ → 0  then q-derivative and 
h-derivative represents to ordinary derivative i. e.  

lim
𝑞→1

𝑑𝑞𝑓(𝑥)

𝑑𝑞𝑥
= lim

ℎ→0

𝑑ℎ𝑓(𝑥)

𝑑ℎ𝑥
=

𝑑𝑓(𝑥)

𝑑𝑥
                        (7) 

q-derivative of power function is defined as follows 
𝐷𝑞𝑥𝑛 = [𝑛]𝑥𝑛−1                                         (8) 
where [𝑛]  is q-analogue of positive integer n defined as 
follows 

[𝑛] =
𝑞𝑛−1

𝑞−1
  

q- Analogue of Exponential Functions 
The q-analogue of classical exponential function is defined as 
follows 

𝑒𝑞(𝑥) = ∑
𝑥𝑛

[𝑛]!

∞
𝑛=0                               (9) 

 another form of q-analogue of classical exponential function 
is 

𝐸𝑞(𝑥) = ∑ 𝑞
𝑛(𝑛−1)

2⁄ 𝑥𝑛

[𝑛]!

∞
𝑛=0                            (10) 

 
q-Trigonometric Function 
The q-analogue of trigonometric function sine and cosine 

can be defined in the well-known Euler’s expression in terms 

of q-analogue of exponential function. 
The q-trigonometric functions are defined as- 
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𝑐𝑜𝑠𝑞(𝑥) =
𝑒𝑞

𝑖𝑥+𝑒𝑞
−𝑖𝑥

2
                                                                              

(11) 

𝑠𝑖𝑛𝑞(𝑥) =
𝑒𝑞

𝑖𝑥−𝑒𝑞
−𝑖𝑥

2𝑖
                                                                               

(12) 
 
By adding and subtracting equations (11) and (12) we get  
𝑒𝑞

𝑖𝑥 = 𝑐𝑜𝑠𝑞(𝑥) + 𝑖𝑠𝑖𝑛𝑞(𝑥)                                                             
(13) 
𝑒𝑞

−𝑖𝑥 = 𝑐𝑜𝑠𝑞(𝑥) − 𝑖𝑠𝑖𝑛𝑞(𝑥)                                                             
(14) 

Properties of q-Analogue of Trigonometric Functions 
Easily we can verify following properties 
(i) 𝑐𝑜𝑠𝑞(−𝑥) = 𝑐𝑜𝑠𝑞(𝑥)                                                                                             

(ii) 𝑠𝑖𝑛𝑞(−𝑥) = −𝑠𝑖𝑛𝑞(𝑥)                                          

(iii) 𝑐𝑜𝑠𝑞(𝑥 + 𝑦) = 𝑐𝑜𝑠𝑞(𝑥)𝑐𝑜𝑠𝑞(𝑦) − 𝑠𝑖𝑛𝑞(𝑥)𝑠𝑖𝑛𝑞(𝑦)                                               

(iv) 𝑐𝑜𝑠𝑞(𝑥 − 𝑦) = 𝑐𝑜𝑠𝑞(𝑥)𝑐𝑜𝑠𝑞(𝑦) + 𝑠𝑖𝑛𝑞(𝑥)𝑠𝑖𝑛𝑞(𝑦)                                               

(v) 𝑠𝑖𝑛𝑞(𝑥 + 𝑦) = 𝑠𝑖𝑛𝑞(𝑥)𝑐𝑜𝑠𝑞(𝑦) + 𝑐𝑜𝑠𝑞(𝑥)𝑠𝑖𝑛𝑞(𝑦)                                             

(vi) 𝑠𝑖𝑛𝑞(𝑥 − 𝑦) = 𝑠𝑖𝑛𝑞(𝑥)𝑐𝑜𝑠𝑞(𝑦) − 𝑐𝑜𝑠𝑞(𝑥)𝑠𝑖𝑛𝑞(𝑦)                                             
Other relation of q-analogue of trigonometric functions may 
also be verified. 
q-Derivative of q-Analogue of Trigonometric Function 
the q-derivative of q-analogue of Trigonometric functions are 
defined Kack and Cheung [32] as follows 
𝐷𝑞{𝑐𝑜𝑠𝑞(𝑥)} = −𝑠𝑖𝑛𝑞(𝑥)                    (15) 

𝐷𝑞{𝑠𝑖𝑛𝑞(𝑥)} = 𝑐𝑜𝑠𝑞(𝑥)                     (16) 

Classical Hartley Transform 
The Hartley transform plays an important role in analyse and 
design signal process which are linear in nature and 
time-invariant (LTI). In the beginning about 1910, transform 
techniques were applied to signal processing at Bell Labs for 
filtering of signals and long telephone line communications 
by H. Bode and others. Transform theory plays a main role to 
support the classical control theory as adopted during the 
world wars and up to about 1960, when state variable 
techniques to be used for control design. 
Suppose 𝑥(𝑡) be a time domain function of ‘t’ defined in the 

interval (−∞, ∞) then, Hartley transform of 𝑥(𝑡) is defined 
by two ways as follows 
By using angular movement  ‘𝜔’ the Hartley transform is 
defined by 

𝐻𝑥(𝜔) =
1

√2𝜋
∫ 𝑥(𝑡) 𝑐𝑎𝑠(𝜔𝑡)𝑑𝑡

∞

−∞
                                                    

(17) 
and its inverse transformation is defined by  

𝑥(𝑡) =
1

√2𝜋
∫ 𝐻𝑥(𝜔) 𝑐𝑎𝑠(𝜔𝑡)𝑑𝜔

∞

−∞
                               

(18) 
By using frequency ‘f’ the Hartley transform is defined by 
𝐻𝑥(𝑓) = ∫ 𝑥(𝑡) 𝑐𝑎𝑠(2𝜋𝑓𝑡)𝑑𝑡

∞

−∞
                                     

(19) 
and its inverse transformation is defined by 
𝑥(𝑡) = ∫ 𝐻𝑥(𝜔) 𝑐𝑎𝑠(2𝜋𝑓𝑡)𝑑𝜔

∞

−∞
                                                

(20) 
where ‘cas’ function is defined as follows 
𝑐𝑎𝑠(𝑥) = cos 𝑥 + sin 𝑥                                  (21) 
Or 

𝑐𝑎𝑠(𝑥) = √2 cos (𝑥 −
𝜋

4
)                                 (22) 

Using equation (21) in equation (19) we get 
𝐻𝑥(𝑓) = ∫ 𝑥(𝑡)[cos(2𝜋𝑓𝑡) + sin(2𝜋𝑓𝑡)] 𝑑𝑡

∞

−∞
                   

(23) 

Even and Odd Part of Hartley Transform 
Replacing 𝑓 by – 𝑓 in equation (23) we get   

𝐻𝑥(−𝑓) = ∫ 𝑥(𝑡) 𝑐𝑜𝑠(2𝜋(−𝑓)𝑡) + 𝑠𝑖𝑛(2𝜋(−𝑓)𝑡)𝑑𝑡
∞

−∞

 

Or 
𝐻𝑥(−𝑓) = ∫ 𝑥(𝑡) 𝑐𝑜𝑠(2𝜋𝑓𝑡) − 𝑠𝑖𝑛(2𝜋𝑓𝑡)𝑑𝑡

∞

−∞
            

(24) 
Adding equations (23) and (24) we get 
𝐻𝑥(𝑓) + 𝐻𝑥(−𝑓) = 2 ∫ 𝑥(𝑡) 𝑐𝑜𝑠(2𝜋𝑓𝑡) 𝑑𝑡

∞

−∞
                                                           

Or 
𝐻𝑥(𝑓)+𝐻𝑥(−𝑓)

2
= ∫ 𝑥(𝑡) 𝑐𝑜𝑠(2𝜋𝑓𝑡) 𝑑𝑡

∞

−∞
             (25)                                                             

which is called even part of Hartley transform and it is 
denoted by 𝐻𝑥

𝑒(𝑓), hence 

𝐻𝑥
𝑒(𝑓) =

𝐻𝑥(𝑓)+𝐻𝑥(−𝑓)

2
= ∫ 𝑥(𝑡) 𝑐𝑜𝑠(2𝜋𝑓𝑡) 𝑑𝑡

∞

−∞
            

(26) 
Subtracting equations (23) and (24) we get odd part of 
Hartley transform which is denoted by 𝐻𝑥

𝑜(𝑓) and defined as 
under-  

𝐻𝑥
𝑜(𝑓) =

𝐻𝑥(𝑓)−𝐻𝑥(−𝑓)

2
= ∫ 𝑥(𝑡) 𝑠𝑖𝑛(2𝜋𝑓𝑡) 𝑑𝑡

∞

−∞
            

(27) 
Substituting these values in equation (24) we can define 
Hartley transform in terms of even and odd parts 
𝐻𝑥(𝑓) = 𝐻𝑥

𝑒(𝑓) + 𝐻𝑥
𝑜(𝑓)                                                

(28) 
Relation Between Fourier Transform and Hartley 
Transform 
Fourier transform of time domain function 𝑥(𝑡)  in the 
interval −∞ 𝑡𝑜 ∞ is defined as under 
𝐹{𝑥(𝑡)} = ∫ 𝑥(𝑡)𝑒−𝑖2𝜋𝑓𝑡∞

−∞
𝑑𝑡                                                       

(29) 
Or 
By using Euler’s formula and equations (25) and (26) we get 
𝐹{𝑥(𝑡)} = 𝐻𝑥

𝑒(𝑓) − 𝑖𝐻𝑥
𝑜(𝑓)                                                           

(30) 
From above equation real and imaginary parts of Fourier 
transform can be defined as follows 
𝑅𝑒[𝐹{𝑥(𝑡)}] = 𝐻𝑥

𝑒(𝑓)                                                               (31)  
𝐼𝑚𝑔[𝐹{𝑥(𝑡)}] = 𝐻𝑥

𝑜(𝑓)                                                               (32) 
From equation (30), (31) and (28) we can define Hartley 
transform in terms Fourier transform as  
𝐻𝑥(𝑓) = 𝑅𝑒[𝐹{𝑥(𝑡)}] − 𝐼𝑚𝑔[𝐹{𝑥(𝑡)}]                                   
(33) 
q-Analogue of Hartley Transform 
If 𝑥(𝑡)  be a ime domain function defined in the interval 
(−∞, ∞) then, q-Analogue of Hartley Transform in terms of 
frequency parameter is defined as under- 

𝐻𝑥𝑞
 (𝑓) = ∫ 𝑥(𝑡)

∞

−∞
𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡) 𝑑𝑡                                              

(34)                            
and its inverse transform can be defined as follows- 
𝑥(𝑡) = ∫ 𝐻𝑥𝑞

 (𝑓) 𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡)
∞

−∞
 𝑑𝑓                                            

(35) 
In terms of time period 𝜔 q-Analogue of Hartley Transform 
is defined as follows – 

𝐻𝑥𝑞
 (𝑓) =

1

√2𝜋
∫ 𝑥(𝑡)

∞

−∞
𝑐𝑎𝑠𝑞(𝜔𝑡) 𝑑𝑡                                               

(36) 
and inverse transformation in terms of 𝜔  
𝑥(𝑡) =

1

√2𝜋
∫ 𝐻𝑥𝑞

 (𝑓)
∞

−∞
𝑐𝑎𝑠𝑞(𝜔𝑡) 𝑑𝜔                                        

(37) 

http://www.ijitee.org/
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where ‘𝑐𝑎𝑠𝑞 ′ is q-analog of ‘cas’ function which is defined as 
𝑐𝑎𝑠𝑞(𝑥) = 𝑐𝑜𝑠𝑞(𝑥) + 𝑠𝑖𝑛𝑞(𝑥)                      (38) 
 
Even and Odd Part of q-Analogue of Hartley Transform 
From the definition of q-Analogue of Hartley Transform (34) 
and equation (38) we have 

𝐻𝑥𝑞
 (𝑓) = ∫ 𝑥(𝑡){𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)}

∞

−∞
 𝑑𝑡         (39) 

replacing ‘f’ by ‘-f’ we get 

𝐻𝑥𝑞
 (−𝑓) = ∫ {𝑥(𝑡)𝑐𝑜𝑠𝑞(−2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(−2𝜋𝑓𝑡)}

∞

−∞

 𝑑𝑡 

by using properties (i) and (ii) we will get 
𝐻𝑥𝑞

 (−𝑓) = ∫ {𝑥(𝑡)𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) − 𝑠𝑖𝑛𝑞(−2𝜋𝑓𝑡)}
∞

−∞
 𝑑𝑡  (40) 

adding and subtracting equations (39) and (40) we get even 
and odd parts of q-analogue of Hartley transform which are 
denoted by 𝐻𝑥

𝑒
𝑞
  and 𝐻𝑥

𝑜
𝑞
  respectively and defined as  

𝐻𝑥
𝑒

𝑞
 =

𝐻𝑥𝑞
 (𝑓)+ 𝐻𝑥𝑞

 (−𝑓)

2
= ∫ {𝑥(𝑡)𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡)}

∞

−∞
 𝑑𝑡             

(41) 

𝐻𝑥
𝑜

𝑞
 =

𝐻𝑥𝑞
 (𝑓)− 𝐻𝑥𝑞

 (−𝑓)

2
= ∫ {𝑥(𝑡)𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)}

∞

−∞
 𝑑𝑡             

(42) 
Special case 
If 𝑞 → 1 in equation (41) and (42) we will get well-known 
result [7] of Hartley transform. 

III. MAIN RESULTS 

In this part authors will prove some properties of q-Hartley 
transform 
Linear Property of q-Hartley Transform 
If 𝑥(𝑡) be a time domain function of ‘t’ define as 
𝑥(𝑡) = 𝑎𝑥1(𝑡) + 𝑏𝑥2(𝑡)                                                                            
(43) 
then, q-Hartley Transform of 𝑥(𝑡) is 

𝐻𝑥𝑞
 (𝑓) = 𝑎 𝐻𝑥1𝑞

 (𝑓) + 𝑏 𝐻𝑥2𝑞
 (𝑓)  

Proof: By using equation (34) and (43)  
𝐻𝑥𝑞

 (𝑓) = ∫ {𝑎𝑥1(𝑡) + 𝑏𝑥2(𝑡)}
∞

−∞
𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡) 𝑑𝑡  

Or  
By using equation (37) we get 
  𝐻𝑥𝑞

 (𝑓) = ∫ {𝑎𝑥1(𝑡) + 𝑏𝑥2(𝑡)}
∞

−∞
 

                                                    {𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)} 𝑑𝑡 
Or 

𝐻𝑥𝑞
 (𝑓) = ∫ (𝑎𝑥1(𝑡)𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑎𝑥1(𝑡)𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡))

∞

−∞
+  

                          (𝑏𝑥2(𝑡)𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑏𝑥2(𝑡)𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)) 𝑑𝑡   
Or 

𝐻𝑥𝑞
 (𝑓) = 𝑎 ∫ 𝑥1(𝑡){𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)} +

∞

−∞
  

                              𝑏 ∫ 𝑥2(𝑡){𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡) }
∞

−∞
𝑑𝑡 

Or 
𝐻𝑥𝑞

 (𝑓) =  

            𝑎 ∫ 𝑥1(𝑡)𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡) +
∞

−∞
𝑏 ∫ 𝑥2(𝑡)𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡)

∞

−∞
𝑑𝑡  

Or 
𝐻𝑥𝑞

 (𝑓) = 𝑎 𝐻𝑥1𝑞
 (𝑓) + 𝑏 𝐻𝑥2𝑞

 (𝑓)                  (44) 
Special case 
If 𝑞 → 1, then  we get the well-known result [7] of liner 
property for Hartley transform. 
Change of Scale Property of q-Hartley Transform: 
If the scale of time ‘t’ change by ‘at’ then, q-Hartley 
Transform of 𝑥(𝑎𝑡) is 

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) =

1

|𝑎|
𝐻𝑥𝑞

 (
𝑓

𝑎
)  

Proof: By using equation (34) 

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) = ∫ 𝑥(𝑎𝑡)

∞

−∞
𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡) 𝑑𝑡  

By using equation (37) we get  
𝐻𝑥(𝑎𝑡)𝑞

 (𝑓) = ∫ 𝑥(𝑎𝑡)
∞

−∞
{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)} 𝑑𝑡  

Put 𝑎𝑡 = 𝑢  and 𝑑𝑡 =
𝑑𝑢

𝑎
, where 𝑎 ≠ 0 , limits of 𝑢  are 

−∞ 𝑡𝑜 ∞ with the condition 𝑎 > 0, we get 

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) = ∫ 𝑥(𝑢)

∞

−∞

{𝑐𝑜𝑠𝑞 (2𝜋𝑓
𝑢

𝑎
) + 𝑠𝑖𝑛𝑞 (2𝜋𝑓

𝑢

𝑎
)} 

𝑑𝑢

|𝑎|
 

Or 
𝐻𝑥(𝑎𝑡)𝑞

 (𝑓) =  

                  
1

|𝑎|
∫ 𝑥(𝑢)

∞

−∞
{𝑐𝑜𝑠𝑞 (2𝜋

𝑓

𝑎
𝑢) + 𝑠𝑖𝑛𝑞 (2𝜋

𝑓

𝑎
𝑢)}  𝑑𝑢  

Or 

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) =

1

|𝑎|
∫ 𝑥(𝑢)

∞

−∞
𝑐𝑎𝑠𝑞 (2𝜋

𝑓

𝑎
𝑢)  𝑑𝑢  

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) =

1

|𝑎|
𝐻𝑥𝑞

 (
𝑓

𝑎
)                                                                             

(45) 
Special case 
If 𝑞 → 1 in equation (45), we will get the well-known result 
[7] of change of scale property of Hartley transform. 
Shifting Property of q-Hartley Transform 
If 𝑥(𝑡) be timedomain function define in the interval  
( −∞, ∞)  and time ‘t’, shifted at 𝑎 > 0  then, q-Hartley 
transform of 𝑥(𝑡 − 𝑎) is 

𝐻𝑥(𝑡−𝑎)𝑞
 (𝑓) = 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) 𝐻𝑥𝑞

 (𝑓) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) 𝐻𝑥𝑞
 (−𝑓). 

Proof: From equation (34) 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) = ∫ 𝑥(𝑡 − 𝑎)
∞

−∞
𝑐𝑎𝑠𝑞(2𝜋𝑓𝑡) 𝑑𝑡  

Or 
By using equation (37), we get  

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) = ∫ 𝑥(𝑡 − 𝑎)

∞

−∞
{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑡) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑡)} 𝑑𝑡  

Put 𝑡 − 𝑎 = 𝑢  and 𝑑𝑡 = 𝑑𝑢 , where 𝑎 > 0, limits of 𝑢  are 
−∞ 𝑡𝑜 ∞, substituting these values in above equation, we get 

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) =  

        ∫ 𝑥(𝑢)
∞

−∞
[𝑐𝑜𝑠𝑞{2𝜋𝑓(𝑢 + 𝑎)} + 𝑠𝑖𝑛𝑞{2𝜋𝑓(𝑢 + 𝑎)}] 𝑑𝑡  

Or by using properties (3) and (5) of q-analogue of 
trigonometric functions, we get 

𝐻𝑥(𝑎𝑡)𝑞
 (𝑓) = ∫ 𝑥(𝑢)

∞

−∞
  

      {𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) − 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢)𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) +  
    𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) + 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎)} 𝑑𝑡 
Or 

𝐻𝑥(𝑡−𝑎)𝑞
 (𝑓) = ∫ 𝑥(𝑢)

∞

−∞
  

{(𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎)) 

+(𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢)𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) −𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎))} 𝑑𝑡  

Or 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) = ∫ 𝑥(𝑢)
∞

−∞
  

{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎)}𝑑𝑡 + 

∫ 𝑥(𝑢)
∞

−∞
  

{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢)𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) − 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎)}𝑑𝑡  

 Or 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) =         
𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)

∞

−∞
{ 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) } 𝑑𝑡 +  

𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)
∞

−∞
{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) − 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) }𝑑𝑡 

Or 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) =  

𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)
∞

−∞
𝑐𝑎𝑠𝑞(2𝜋𝑓𝑢) 𝑑𝑡 +  
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          𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)
∞

−∞
{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) − 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) }𝑑𝑡  

Or 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) = 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) 𝐻𝑥(𝑡)𝑞
 (𝑓) +        

          𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)
∞

−∞
{𝑐𝑜𝑠𝑞(2𝜋𝑓𝑢) − 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑢) }𝑑𝑡  

 Or by using properties (i) and (ii) of q-Analogue of 
Trigonometric Functions, we get  

𝐻𝑥(𝑡−𝑎)𝑞
 (𝑓) = 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) 𝐻𝑥𝑞

 (𝑓) +  

   𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)
∞

−∞
{𝑐𝑜𝑠𝑞(−2𝜋𝑓𝑢) + 𝑠𝑖𝑛𝑞(−2𝜋𝑓𝑢) }𝑑𝑡  

 Or 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) = 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) 𝐻𝑥𝑞
 (𝑓) +  

                                     𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) ∫ 𝑥(𝑢)
∞

−∞
𝑐𝑎𝑠𝑞(−2𝜋𝑓𝑢) 𝑑𝑡  

Or 
𝐻𝑥(𝑡−𝑎)𝑞

 (𝑓) = 𝑐𝑜𝑠𝑞(2𝜋𝑓𝑎) 𝐻𝑥𝑞
 (𝑓) + 𝑠𝑖𝑛𝑞(2𝜋𝑓𝑎) 𝐻𝑥𝑞

 (−𝑓)                          
                                                                                                       (46) 
Special Case 
If 𝑞 → 1 in equation (46), we get the well-known result [7] of 
change of scale property of Hartley transform. 

IV. CONCLUSION 

The results proved in this chapter give some contribution 
to define q-analogue Hartley transform and its inverse 
transform. It is a matter of believed that some new and 
fruitful results for q- analogue of Hartley transform like linear 
property, Shifting Property and change of scale property. 
Some special cases are also proved as q→1 in q-Hartley 
transform it gives some well-known results of Hartley 
transform. This work is certainly not complete and should be 
a starting point of many other works. 
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