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Abstract: A total dominating set D is said to be a complete
cototal dominating set if the (V — D) has no isolated nodes. The
complete cototal domination number y..(G) is the minimum
cardinality of a complete cototal dominating set of G. Our aim is
to determine the Complete Cototal Domination Number of
Middle Graphs and its bounds.
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l. INTRODUCTION

Domination theory in graph was established by Claude
Berge around 1960’s with the problem of placing minimum
number of queens on a n X n chess board to dominate
every square by at least one queen. After that Oystein Ore
established the concept dominating set and domination
number [5]. A set S of nodes of G isadominating set of G if
each node of G is dominated by some node in . The tota
domination in graphs which was presented by Cockayne,
Dawes and Hedetniemi [2,3]. A subset D of V is called a
dominating set of G if every node not in D is adjacent to
some node in . A total dominating set for a graph G is a
dominating set M for G with the properly that every node in
M has aneighbor in . Note that total dominating sets are not
defined for graphs with isolated nodes. The concept of
cototal dominating set was presented by Kulli, Janakiram
and lyer [4]. This concept motivate us to do research under
this topic. Throughout this paper we considered a simple
connected graph the total number of nodes and edges are
denoted by p and g respectively.

1. DEFINITIONS
Definition: 2.1
A total dominating set D is said to be a complete cototal
dominating set (y..tq) if the (V — D) has no isolated nodes.
The complete cototal domination number y..(G) is the

minimum cardinality of a complete cototal dominating set of
G [1].

Definition 2.2.

Let G be aconnected graph. A subdivision graph
S(G) issaid to be amiddle graph M (G) if the middle nodes
lies on adjacent edges of G should be adjacent.
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[I. MAIN RESULTS
Theorem: 3.1 For a Path graph B,

{3 if n =2
2n — 1if n >3

Yee(M(B)) =

Proof. The Middle Path graph M (B,) has (2n — 1) nodes
V1, Uz, weey U, Uy, Up, veny U,_, and
2n — 2 edges. Here uy, u,, ..., u,,_, be the middle nodes.
Case(i)n = 2

The Middle Path graph M (P,) has three nodes v,, u,, v, and
two edges v, u,, u,v,. Let us consider the total dominating
set y.q(M(P,)) = {v;,u;}. Minimal cototal dominating set
is obtained by (V(M(P,)) — {v1,u;})N{y} wherey= v, or
v, isan isolated node. Hence y c;q (M (P,) = {vy,u 3 U {y}.
Thereforey..(M(P,)) = 3.

Case(iiy)n =3

The Middle Path graph M(B,) has (2n — 1) nodes and
(2n — 2) edges. Let us consider the total dominating set
Yea(M(B)) = {uq, Uy, o, Up_1}- Minimal cototal
dominating set is obtaned by (V(M(R))-
{u1; Uy, ---tun—l} )n{vlt U2y wees vn} . Hence Vcctd(M(Pn) =
{us, uy, oo, up_1} U {vy, vy, ..., v, }. Therefore y,.(M(B,) =
2n—1.

Theorem: 3.2 For a Cycle graph C,, v..(M(C,)) = 2n—

3,n > 3.

Proof. The Middle Cycle graph M(C,) has 2n nodes
V1, Vg, -, Up, Uy, Uy, ..., U, @nd 3n edges. Here vy, v,, ..., v,
be the outer nodes on cycle C,, and uy,u,, ..., u, be the
middle nodes on cycle C, . Let us consider the total
dominating set y,,(M(C,)) = {u, uy, ..., Up_1}. Minimal
cototal  dominating set is obtained by (V(M(C,)) -
{ug, ug, oo, U1 )NV}

where y are the isolated nodes. Hence y...q(M(C,)) =
{uy, uy, oo, up_1} U {y}.Therefore y .. (M(B,) = 2n — 3.

Theorem:3.3 For a Comb
)/CC(M(Pn@Kl)) =4n-1,n = 2.

graph  P,0OK;,

Proof. The Middle Comb graph M(B,®K;) has(4n —
1) nodes V1, Vg, eeey U,y Ug, Us,
s Upy Z1, Zg, ey Znq X1, Xz, -, Xp @NA (6n —
4) edges. Here v,,v,,..,v, be the nodes on B, and
Uq, Uy, ..., Uy, bethe pendant nodes and z,, z,, ..., z,_, be the
middle nodes on B, and x;’s are the middle nodes on v;u; ,
1 <i <n. Let us consider the total dominating set
Yea(M(P,OK)) = {x;,z} where 1 <i<nl<j<
n- 1.
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Minimal cototal dominating set is obtained by
V(M (P,®K,)) — {xi,z))N{y} wherey are isolated nodes
with cardinality 2n so that ¥ .q(M(P,OK,)) = {x;,z;} U
{y}. Thereforey,.(M(B,0K;)) = 4n — 1.

Theorem: 3.4 For an-sunlet graph y,.(M (n — sunlet) ) =

4n—3,n = 3.

Proof. The middle M(n — sunlet) graph has 4n nodes
Up, Upy ey Uy, V1, Vg, ooy Upy  Z1, Zgy ey Zy » X1y Xy oee, Xy 8N
7n edges. Here uy,u,,...,u, be the pendant nodes and
V4, Uy, ..., Uy be the nodes on cycle €, and x; and z; be the
middle nodes of u;v; and cycle C, respectively. Let us
consider the total dominating set y.;;(M(n — sunlet) ) =
{z1,25, ., Zy_1,%1, X2, .., Xp}. Minimal cototal dominating
Set is obtained by (V(M(n — sunlet)) —
{21,275, . Zpn_1, X1, X3, ..., Xy ))N{y} where y are isolated
nodes. Therefore Yecta(M(n — sunlet)) =
(21,22, oo, Zn1, X1, Xy w0, X} U{Y} SO that Y (M(n—
sunlet)) = 4n — 3.

Theorem: 35 For an -pan graph, y,. (M(n — pan)) =

2n — 1,n=3.

Proof: The Middlen — pan graph has(2n + 2) nodes
V1, Vg, e, Up, U, U, Uqg, Uy, ..., Uy and (3n + 4)
edges. Here vy, v,, ..., v, bethe nodes on cycle C,, and

Uy, Uy, ..., Uy, bethe middle nodes on cycle C,, and v be the
pendant node and u be the middle node on the pendant
node. Let us consider the total dominating set y;4 =
{uw,uy,uy, ..., up_1}. Minimal cototal dominating set is
obtained by

V(M — pan)) — {w,uy, uy, ., up_13) N {y} Wherey
are isolated nodes. Therefore y .. (M(n — pan)) =

{W,uy, Uy, ., Un_1}U {¥} . Hencey, (M(n — pan)) =
2n — 1.

IV. BOUNDSFOR y.(M(G))
Theorem: 4.1 Let M(G) be a connected graph, then

Yee(M(6)) >

AMn(G)]'

Proof: LetS € V (M(G)) beay .q- Setin G. Every node
in S dominates a most A(M(G)) — 1 nodes of
V (M(G)) — S and dominate at least one of the nodesin S.

Hence, |S|(AM(G))— 1)+ |S|> n. Since, S is an

arbitrary y .. — Set, then y.(M(G)) > [A(Mn(g))].

Theorem : 4.2 If M(G) is a connected graph with the girth

of length g(M(G)) =3 and S(M(G)) = 2, then

Yee(M(G)) > n — [F2] 41,
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Proof: Let M(G) be a connected graph with g(M(G)) = 3
and let C be a cycle of length g(M(G)). Remove C from
M(G) toform agraph M(G"). Suppose an arbitrary node v €
V(M(G")). Since §(M(G)) = 2,
neighborssay w and z Let w,z € C. If d(w,z) = 3, then

vhas a least two

replacing the path from w to z on € with the path w, v, z,
which reduces the girth of M(G), a contradiction. If
d(w,z) < 2, then w,z,v are on either C; or C, in M(G),
contradicting the hypothesisthat g(M(G)) = 3. Hence, no
node in M(G") has two or more neighbours on C. Since
S§(M(G)) = 2, the graph M(G") has minimum degree at
least 6(M(G)) — 1 = 1. Then M(G) has no isolated
nodes. Now let S'be a y,. — set forC. Then S=S"uU
V(M(G")is a Yeerq — Set for M(G). Hence, y..(M(G)) >
Theorem : 4.3 Let M(G) be a graph without isolated nodes.
Then v (M (6)) > [4]

Proof. Let D < V (M(G)) be ay_..q- Set. Since M(G) has
no isolated nodes, every v € D has at least one neighbor in
V — D. Thismeansthat V — D is aso a complete cototal

dominating set. If |D| < E] then V — D is the smallest
Yecta — SEt, contradicting the choice of D as a y...4- Set.
Thusyec (M(6)) = 101> [3]

Theorem : 4.4 Let M(G) be agraph with diam(M (G)) = 1,
then y .. (M(G)) > §(M(G)) + 1.

Proof: Let z € V(M(G)) and deg(z) = §(M(G)). Since
diam(M(G)) = 1, then N(z) is a total dominating set for
M(G). Now S = N(z) U{z}isa y.wq— St for M(G) and

IS| = 8(M(G)) + 1. Hence, y,.(M(G)) > §(M(G)) + 1.

Theorem : 4.5 For any graph M(G) , V..(M(G)) > n —
AM(G)) .

Proof. Let M(G) beay,, -set of M(G) . Let | be anode of
maximum degree A(M(G)) . Then | dominates N[r] and the
nodesinV — N[r] dominate themselves. HenceV - N|[r]
iS@ Yeerq - Set of cardinaity n — A(M(G)), 0 ¥..(M(G))
>n — AM(G))
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V. CONCLUSION

In this paper, Complete Cototal Domination Number of
Middle Path graph, Middle Cycle graph, Middle Comb graph,
Middle n-sunlet graph, Middle n — pan graph are found and
new bounds for y..(M(G)) are obtained.
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