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Robust Fault Estimation and Fault-Tolerant
Control Based on Sliding Mode Observer for
Takagi—Sugeno Fuzzy Systems Subject to

A ctuator and Sensor Faults
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Abstract: In this paper, the problems of fault estimation and
fault-tolerant control for Takagi-Sugeno fuzzy system affected by
simultaneous actuator faults, sensor faults and external
disturbances are investigated. Firstly, an adaptive fuzzy
diding-mode observer is designed to simultaneously estimate
system states and both actuator and sensor faults. Then, based on
the online estimation information, a static output feedback
fault-tolerant controller isdesigned to compensate for the effect of
faults and to stabilize the closed-loop system. Moreover, sufficient
conditions for the existence of the proposed observer and
controller with an H, performance are derived based on
Lyapunov stability theory and expressed in terms of linear matrix
inequalities. Finally, a nonlinear inverted pendulum with cart
system application is given illustrate the validity of the proposed
method.

Keywords: Fault estimation, sliding mode observer, static
output feedback fault-tolerant controller, Takagi-Sugeno fuzzy

system.

. INTRODUCTION

In modern control systems, the increasing demand of
higher performance, safety, reliability, maintainability, and
survivability represent a major concern. Thus, it isimportant
to encourage the development of research on fault-tolerant
control (FTC) in order to guarantee these objectives. Many
outstanding results have been achieved during last two
decades, such as those reported in [1]-[4] and the references
therein. The main results on the FTC can be classified into
two main strategies: the first one, the so-called passive FTC,
is focused on to conceive a robust controller against
disturbances and uncertainties. A key limitation is that the
closed-loop system stability can't be achieved even faults
occurrence. Nevertheless, active FTC isimportant and it takes
aprimordial place in modern control application. In practical
applications, most of the control systems usually have
nonlinear behaviors.
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Takagi-Sugeno (T-S) fuzzy systems provide a powerful
technique to approximate a large class of nonlinear dynamic
systems. T-S fuzzy systems are nonlinear models represented
by aset of local linear models. By fuzzy blending of the linear
system representations the overall fuzzy model of the system
is achieved, which greatly facilitates observer/controller
synthesis for complex nonlinear systems. Thus, excellent
papers about robust FE and FTC problem of T-S system
subject to actuator or sensor faults are developed in [5]-[8].

In practical engineering, actuator and sensor faults may
occur simultaneoudly and disturbances may exist [9]-[14]. So
far, anew robust fuzzy scheduler FTC has been developed in
[14] for nonlinear systems affected by simultaneous sensor
faults, actuator faults and parameter uncertainties. Some
sufficient conditions for robust stabilization have been
derived and formulated in the linear matrix inequalities
(LMIs) format. A proportional integral (Pl) observer has been
proposed in [10] to simultaneous estimation of states, time
varying sensor and actuator faults for T-S fuzzy model.
Reference [9] shows FE and observer-based FTC scheme for
T-S fuzzy systems using local nonlinear models and having
sensor and actuator faults, simultaneously. A new descriptor
fuzzy diding mode observer (SMO) hasbeen designed in [11]
to estimate the system state and sensor and actuator faults
simultaneously, and an observer-based FTC scheme has been
developed to stabilize a closed-loop system. A new structure
of T-S SMO with two discontinuous terms has been
developed in [12], [13] to solve the problem of simultaneous
actuator and sensor faults reconstruction for a class of
uncertain T-S nonlinear system with unmeasurable premise
variables.

There are, so far as the authors know, no works dealing
with adaptive SMO-based static output-feedback fault
tolerant controller (SOFFTC) for T-S systems considering
simultaneously  actuator, sensor faults and external
disturbances. Motivated by the above observations, an
adaptive SMO using H,, optimization technique is devel oped
to estimate both states and sensor/actuator faults. Then a
SOFFTC is designed to guarantee the stability of the
closed-loop faulty system. Sufficient conditions for the
existence of SMO and SOFFTC weregiven interms of LMIs.
The observer and controller are designed separately, which
avoids their coupling and reduces the computation
complexity.
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The rest of this paper is organized as follows. Problem
description is represented in Section 2. Design of augmented
system is introduced in Section 3. Robust adaptive fuzzy
SMO design and stability analysis of the error dynamics are
given in Section 4. Fault estimation approach is studied in
Section 5. Robust static output feedback fault tolerant control
strategy is addressed in Section 6. Simulation results on
nonlinear inverted pendulum with cart system are developed
in Section 7 validates the efficiency of the proposed
algorithm. Some conclusion are given in Section 8.

[I. PROBLEM DESCRIPTION

Consider the T-S fuzzy model with additive actuator and
sensor faults. The ith rule of the T-S fuzzy model is of the
following form:

Plant Rulei: IF £y is4q; and ... {yis4g;, THEN

B= Ax+Bu+M,;fy+Ed, (1)
y = Cx+ Nfg, )]
where xe; ", ue; ™, and ye; P denote, respectively,

the state vector, the input vector and the measurement output
vector. foei 9and fg e M represent additive actuator fault

vector and sensor fault vector, respectively. dej !
represents the exogenous disturbance vector, which is
assumed to belong to £,[0,0). A, B, M;,E, Cand
N are known constant matrices with appropriate dimensions.
It is supposed that matrix C is of full row rank, N is of full
column rank, the pairs (A,B;) are controllable, the pairs
(A,C) are observable, andn> p=>q+h. Z (j=1...9) are
the premise variables which are assumed to be measurable,
and 4g; (=1,...9;i=1,.. k) ae fuzzy sets that are
characterized by membership function. g and k are the number
of premise variables and IF-THEN rules, respectively.
The fuzzy systems can be written as follows:

K
&= 1 (Ax+Bu+M;f, +Ed)

i=1 , (3
y = Cx + Nfg 4)
where §=[4‘.’1,...,§g] For each i = 1, 2,.., k, “i is the

abbreviation of #(¢)  where “(€) s the weighting

function defined as:

g
1@ = o =T8¢
2 W) =
i=1 , (5)
and Aj (gj ) is the grade of the membership function
of ¢ It is obvious that

k
W () =0i=1..kad Y w()>0
= - (6)

For any ¢ Hencethe normalized fuzzy membership function
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satisfies
_ K
#4(£)=0i=1..kand > 14(£) =1
=1 : @
Assumption 1. The actuator fault faand sensor fault fs satisfy

.
[fal < palfsl<ps f=| fad 1] <pus (8)

where Pa Ps and #as are three known positive constants.

Assumption 2. The actuator fault distribution matrices Mi in
(3) setisfies:

rank (CM; ) = rank(M;) =g Q)

Assumption 3.
d,-A M,
rank{ A M } =n+q
c 0 . (10)

for all complex number swith Re(s) =0,

AUGMENTED SYSTEM

In order to partition the output vector into non-faulty and
potentially faulty components, we assume that there exists an

. pxp
orthogonal matrix 1* €1

T,C:{Cl},TrN:{O}
G Ny

hxh
where is a nonsingular matrix. Scaling the

measured output y(t) by Tr, yields

y1 =Cx
Yo = CoX+ Ny fg

such that

, (11)

N]_Ei

(12)

. p-h . h
where Y1 € P and Y2 €i

If we introduce Y2 satisfying the following differential
eguation

& =—Ar Xt + At Yz,
=—Af X +AfCZX+ Af leS’

(13)
_Af = hxh

where is stable. An augmented system can be
obtained:

k — j— -_— —_—
%=1 (AX+Bu+M; f+Ed)

E , (14)
y=C& (15)
where
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= = 2| y=
’ {Xf} [fs} g {Xf] (16)

with

[ A o07_ [B]. [M O
Az[Afcz —Af}’a{o}"v'i{o AfNJ’

_ | = 0
“l5le o)
0 0 I a
Lemmal. The condition
rank(CM; ) = rank(M; ) = q+h (18)
holdsif and only if (9) holds.
Proof.
From (17), we have
__ 0 || M; 0 M; 0
CMi{cl } . oM
0 1]l 0 AN 0 AN g
Pre-multiply “Mi in (19) with
lpn O
0o Al
. (20)
rank(CM ) =a+h L e caistied if and only if
cM;, 0 M, O
rank =rank(T,C )=q+h
0 N 0 N (21)

Since N1 isfull rank and Tr isan orthogonal matrix, (21) will
be satisfied if and only
rank(CM; ) =¢q . 22)

So the condition (18) is satisfied for augmented system
(14)-(15).

Lemma 2. The condition

rank| Sn =AM =n+q+2h
C 0

, (23)
holds for al complex number swith Re(s) 20 ¢ and only if
(10) holds.

Proof.

Theinvariant zeros of (A.M;,C)
swhen R(s) loses normal rank

R(S):{SIn(_;A MI:|

are given by the values of

0 (24)

R(s) will loserank if and only if
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R(S) :|:SI I"I(;A '\gl:|

; (25)
loses rank. Pre-multiplying the matrix pencil in (25) by
' O I(; 8 | ’
o Tt p=h
0 -At o0
; (26)
which satisfy
sl,— M;
rank{ n—A M } #N+q
¢ 0 , (27)
ADAPTIVE SLIDING MODE OBSERVER DESIGN
The proposed adaptive fuzzy SMO has the structure
k . _ _
£ >k (Ax+ Bu+G e +Gn,iU)
=1 : (28)
y=Cx (29)

A

where X is the estimate of X, Y is estimate of Y and

&=YY Qi gnd Cni ae design matrices to be
determined and ¥ represents a discontinuous switched term.

A canonical form

Under condition (18),

(Fd) =Sutx
i=1

there exists a transformation

such that:

k _— _— — —
& = 14 (Aix+ AziXe + Bju+Ejd)
i-1

: (30)
k p— — — p— —
& =1 (AZLi X+ PApiX +Byju+My; f + Ez,id)
=1 , (31)
y=Cx, 32)
X € +h=p X, ei P
where | and "2 =1 arenew state vectors, and

TJ\Tﬁ:[’E‘“ ’-S‘Z'i}ma {

3
Aori Pooj

By |

_ B ]~ -
TE :[ELI}’CTi :[o Cz],
2,i (33)
A h- h- S h—p)xI
where A €] (n+h—p)x(n+h-p) | Eij e (n+h-p)x and
62 €| pPxp : I . .
isnonsingular. The fault distribution matrix
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} O(n+h-pyx(g+h)

_ O
TiMi :l: (n+h_p)><(q+h) _ 0
My v
Moy
’ , (34)
.. . Px(g+h) (o+h)x(g+h)
where Maj i and M22 €i is non

singular.

Consider system (30)-(32). Introduce a further coordinate

k
o~ [(x®

transformation i=1
| . 1.
TL,i :|: n+h-p E}
Opxtnen-p) 2] (35)
I:- c (n+h—p)xp
where = = has the structure
G-t o] (36)
G e (nth-p)x(p-(a+h))
with LI = . Then, system (30)-(32)

becomes following form

K
7=y u(Kyz+ A%z +Bu+Efd)
=i

, 37)
K
Zp =D i ( Bz + Bz, + MB; f + B5;d)
i=1 , (38)
y=2 (39)
. . n+h-p x
where 2= 601(Z,22) iy 2 € . The matrix A, in

the new coordinate system, is given as
TAT - LT Y l:'zlli_“L_Ei Ao
A [ﬂ@u ﬂ@zl } CoAn,i
Az + LA )Gt = (A + G Apr )Gt - A GGt
62<A22,i — Aoyl )(_32_
(40)

By definition, M/&i =CaoMy; , éyf,i =GBy and

[0 1p]

Because of the speC|aI structure of

&eCri=
’ ! (41)

Li from (36), further

partition Posj and E2i from (33) as

A é\mi = | Exj
fou {Azn,i},Ez" [Ezzl

-(g+h) )x h)-| = x|
Pori < R(P(ar)x((n+h)-p) o Exici (g+hyxl .

(42)

where

0 .
Then, A from (40) can be written as
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Al = A+ LAy _ (43)

.. (.
By construction, L0 has been designed such that et is
quadratically stable.

For the system (37)-(39), consider adynamical system

§i=zkiﬂi (A2 +AG; 2+ Bhu-AY e

(4
% - Zk:,ui (ﬂ@li 2+ B2+ Bhiu+ (B - Ay)e, +U)
B (45)’
=%, (46)
where '8@2 isstableand V is
i T
> SO=0 w

where "C2M2”max is the maximal of each matrix norm
oM for i=1,...k. The scalar ”0 will be described

. pxp
formally later. The matrix e

ROBS, + AS Bp=—Qy

verified the equation

(48)
where €1 * The function scalar 2as is
dp
e o, [ >0 "
Let q:zl—zlmdey:z2—22=y—§/ Then from
(37)-(39) and (44)-(46), we obtain
k
&= u(Aye+Efd)
i=1 , (50)
k
& =>4 (ﬂ@ueﬁﬂézey + M, f +B4;d —U)
i=1 . (51)
For the system (50)-(51), consider adiding surface
s={(a®.¢®)le,0 =0} -
Definer as
r=H (elj
5/, (53)
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whereH is
H ::{Hl 0 }
0 H, , (54)
Let
Il
|7, = sup ——2
HdH 0||d||2_ (55)

In the following, we present Theorem 1 which establishes the
sufficient conditions for the existence of the proposed fuzzy
SMO interms of LMIswith a prescribed Hoo performance.

Stability Analysis

Theorem 1. The observer error dynamic system (50)-(51) is
asymptotically stable satisfying the prescribed Hoo

performance (55) if there exist matrices |31/o= F%l% >0,
IB/ [% >0 W such that:
Minimize y; subject to

. RCoAn RE; jVY Exj
Qi =| * H2 %‘(:ZEZJ <0

* * _7/1|

' (56)

where

AT =R AT T . T
Ty = BB + Al B W Apy s + Agyg (W +HT Hy
11, = A% A+ %"B@ﬁ"';"'z,

and

L - WY -

Proof.

Let

V = Vj+ V, + V3’ (58)
1

where Vi=el oy , V2 =€) iy and V3=; with

, are yet to be determined and
Pls = Pas — Pas Its derivative along (50) is

V=& Ao +of Hg
=Zﬂi (GLT(%M'?){‘LF HEG, )éfwz%ﬁf%id)

= ZM ( (A + L Aora, )T Ror B A + Ly Aoy ))QL

((El,l + Ll,l E22 i )d)
(59)
Similarly
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k
\ﬁg:Z/x.( ) (RS B+ FOB, Je, + 26 FORG, 1oy
+2e) B, + 20] FYWHY, £ — 2] Ffy)
= Z,Ui (e; (B B+ BORS )e, + 2¢] T, Ay ey
+26] BT, d + 26] BT M, T —2e§l%9))

(60)

Moreover, the time derivatives of V3 is
2 dp
W =< g (L2
o dt *
From (59), (60) and (61), we have
K T~ o T
= 4y (51 ((All,i + L Aoyy) P
i=1
+B{ A + i Ao ))QL+291T F{Eyi + Ly B, )d

+ e; (A& A+ R0RS, e, + 23; RCo A 8
+2e), (t) P8, d + 2¢) IC,M 5,

(61)

—2eTl5/‘b+ ;y( d‘iaS)j.

(62)
We have
K L k R
2 (St 1)< 2 (et
<[y lICoM2] g 111 (63)

k
244 [CoMai| <|CoMa|
with i=1

Using (63), the last three terms of (62) can be written as

Zk:ﬂi (295%@2M2,i ) 2ey '9/9)+ )9’ (—
i-1

< 2|, ||CMo o, ||f||—z||ézm2||max<ﬁas+po>
ey lg/q%e 2 dpas)
e

==2po " |£‘)6((5'3'||||C2'v| 2||max <0 (64)

From (64) it yields
K (e T
K< 4y (G_L ((Atli + LAy ) RO
i-1
+ B A + L Aora, ))Qﬁ 26 B Eyi + LB, )d

+e) (A5 B+ BB, Ye, + €] (A P+ FORS, Je,
+ 260 BT, Apy 0 + 26) G,y d )
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Let
From (65) and (66) we can get

Jy=\K+ e Hf Hyg +€) HJ Hoe, —1dTd
K
— T
<> H (GI (('Al],i"'LLiAlei) Fo
i-1
+ B A + L Aorr o+ 26 B Eyi + Ly Ex, )d

+ eyT (A% %+ R0RS, )e, + 29; RCy 01 01
+26) FC,E, ;d + ] Hi Hye + €] Hy Hoey

~nd"d)
=¢T0C
(67)
where
.| AT Aoy '%( Eyi + 1Ly, E22,i)
Q=>ul| * Il RC,Ey;
i=1 * * _7/1|
(68)
and
e
F=ley |
d

_ _ T _ _ T
Ty = (Agi + Ly Aoryi ) Bor B A + Ly Aoay )+ Hi Hy,
I, = A Bp+ BORG, + H o H,.

Obviously, <0 means 91<0

complement, <0 jsequivalent to

Apply the Schur

k
D i€ <0
= . (69)

Q

We can find that the form of the matrix > is nonlinear.

W

Denoting - %’tli , We can obtain the LMIsform (56).

Under the zero initial condition, we obtain
* 2 2 ) 2 5 -
- I;o[||r||2 —71||d||2 +\)&]dt ~V/(c0)
+V(0)
= [T Vodt <0
00 |
(70)

J1<O

Thus implies
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j;-(rTr)dtSylj;(de)dt’

(71)
namely
A 72
So if 4 <0 then the system (50)-(51) is asymptotically
stable with disturbances attenuation \/771 . o

Using the inverse transformation of TLii , we have

G, =(TuT )1{,8@2%?,8@2]

0
— -1| ¥Y(n+h-p)xp
Gni =(TuiT) { | }
P (73)
Sliding Motion Analysis
Theorem 2. The error dynamics system (50)-(51) is driven to
the diding surface S (52) infinitetimeand remainonit if the

LMIs (56) are solvable and the gain #0 satisfy

|CoPe e 7 +[CoEe] g 19O+ 2

> ——
* |C2Mo]
where 71 issmall positive constant.
Proof. Consider the Lyapunov function
1( 1 1
Vs:E(ey%qay+_/B§sj V.
° . The differentia of 'S along the

error dynamic (51) is
k [ — -_— -_— -_— —
CEDW (e§ I%O(CZAzlie_L + B, + CoMy; f +CoEy; —U))
i=1
1, dpss
+g/9/é?s(—T)-
(75)

Since A, is stable and [30/0 is solution to the Lyapunov
equation (48), the following relation will be shown

&) AR, (1) =2 ] (e () < O

(76)
Using relation (76), it follows
k [ — —_ -_— —_— —
LEDW (‘% F(Cohoria+CoMy; f +CoE;d —U))
i=1
1 dp
)
o dt (77)

. . <
Using Assumption 1 and the argument above "el” - w, we
can obtain
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o o
o 4Gz 1 <2t -
o 4530 < 2JG5Ea . "
Applying relations (78)-(80), we have
3[4+ o

+[Cagi ) -0+ = (-T2, o
Since
3| Cos o+ [CaPs e+ 2]
S N It YN

It thus follows from (82) that
Ve < e (|CAea g 7 +CoMiz] 2

+|CaBal| )~ (Pas + £0) [CoM2], .,

8 ] das
M=)
[ey| d
=8y (G2 Pt +[Co Bl e

%) ||C2M 2||max ) ()
If
V& <~ [[Bfey | < o1\ in (FOVS"? -~
Then the reachability condition [15] isverified. m

FAULT ESTIMATION

From Theorem 2, an ideal sliding mode take place on S and

%= ég’ =0 .During the dliding maotion, (51) becomes:
k ~ AN = a7 —_ =
0= 14 (CoPp18 +CoMy; T +CoBpid — g
= : (85)

where "8 denotes the equivalent term [16] replaced by

F%ay 0>0

Vg = (ﬁas +p0)||62M2||maX ||[9/(éy||+§

(86)

Since C2 isinvertible, (85) can be rewritten as

Ko B K B
D H (Cz_lveq —Mjy; f)= > 1 (Porie +Epid)
i-1 i-1 87)
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2 2
Considering "r”ZS}/l"d"Z for some }/1>0 and r=He ,

(d 4]

, it follows that
K _ _ k _ _
21 (B Eoi) < 2o ([Pl i)
1= 1=,
<[ A, omex (H ]
+ B2 I
= (Vi o)l .
where A =||521||max Gmax(Hil) and & =||E2||max . Thus
for asmall (\/;1'31 i ﬁ2)||d(t)|| , we obtain
p— k p—
Cology = X 1My f
i=1 (89)
The faults fa and fs can be then approximated as
+
f:[fg fg :| [Zﬂle] pas+p0)
_ ﬁ’fey
X
jcae|
e 60 -
FAULT TOLERANT CONTROL DESIGN
Define corrected output as
yC=Q<+N(fS—fAS). -
System (3)-(4) becomes
K
&= 1 (Ax+Bu+M; fy+Ed)
i=1 , (92)
Ve = CX+ Nefs. (93)
where & = s 7 Ts i the sensor fauilt estimation error. A

static output feedback fault-tolerant control (SOFFTC) law
[17] is designed asfollows

u= ZM( Yo~ )

where Ki and G are gains matrices to be determined.

Substituting (94) in (92), we have

(94)

k k
)&:ZZM/JJ (AX+3(KJ'CX+ KjNefS—Gj fa)
i=1j=1
+M; f +Ed). (95)
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BG =M [18] where B is

Thegain G isdesigned so that
the pseudo inverse of B .|t follows that

k Kk

2= piug ((A +BK;C)x+BK;Ners + Mie,

i=1j=1

+Ed) (96)

where &2 = Ta = Ta. Then, we get

k k B
Be= D> ((A+BWKJ‘C)X+B|,‘¢7)

I=1j=1 , (97)
Ye =Cx+ Nefs (98)

B. — K:-N M: .
where B [Bi J ! E'] and
T
(Dz[e}—s e}—a dT:|
Firstly, the following lemmas will be used
Lemma 3. For matrices A and B, we have
AB+(AB)' <& 1AAT + BB, >0 (99)
Lemmad. If
S <0, 1<i<k (100)
2 ..

—§+§;+S5;i <0, 1<i=zj<k
k-1 : (101)
we have
k k
2.2 Himj S <0
=)= (102)

Theorem 3. The closed-loop system (97)-(98) isrobust stable
with Heo performance index

2 2
I ycllz <Yc ”(""2 ,

Pi; 0 M N QCT BK; 0
Wy; 0O 0 ONT 0 QC
* * —yl 0 0 0O 0
Sj=| « o« o+« _y1 0 0 0
* * * * _}/CI 0 0
* * * * * —g_ll
L * * * * * * _gl |
with
P15 = AQ+QA +BS;C+CTS[ B 107
K =§R?

Furthermore, the gains of SOFFTC are given by

T
Proof. Choose Vi =Xx"Px

IS

.
,where P=P" >0 |tsderivative

k k
V=Y sy (X7 ((A +BIK O PP(A + BK,C) %)

i=1j=1
+2XTPEJQ)
(109)
Let
3y =\ Ty T
2=Vt —Ye Yo —7cP @
e , (110)

where
yI Ve = x'cTex+x'ch Netg + eENTCx + e¥SNT Netg
(111)

Z=[N 0 0

Define , then

yg Ve = x'cTox+ ¢T ZTZ(p+ 2xTCTZ(p (112)

(103)
ey S
if thereexist @=Q >0 R and i, suchas: So we can get that
k k
T T
Minimize ¢ subject to 3o= 202wy (X (A +BKC)T P+P(A +BK{C))x
i=1j=1
=:<0,i=1..,k, _
i L , (104) +2x" PBij¢)+ixTCTCX+i¢TzTZ¢
5 7c Yc
N~ .~ i i 2
K1 +HEj+Ej <0 1<i# ] < k, (105) +y—chCTZ(p—}/c(/7T<ﬂ
CQ=RC B 4+ LT
Q : (106) Kk K | i PBjrmCiZ
-2 Tl
where L £ ’
i=1j-1 21w stz |2
7c )
(113)
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where

Y =(A +BK;C)' P+P(A +B,KjC)+iCTc

Cc
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Fjj

BiKJ-NQ M;
‘PZ,ij 0
* =7l
* *
* *

N, Qc'
0 ONT
0 0
=7l 0
* —7cl

Thus, 92 <0 if
_ 1 T
K Kk YI] P3]+ZC Z
D2 Hik] N <0
i=1j=1 v —21Z
7c

(114)

By applying Schur complement, (114) can be written as

Yjj PBK;N
k Kk * ~7cl
DI T I
i=1j=1 . *
* *
where

PM;
0
=7l

*

*

PE,
0
0

_7CI

*

Y =(A +BK;C)" P+P(A +BK;C)

Premultiplying
X =diag{P‘1,P‘1,|,|,|}

and

we obtain
Yy BKjNQ M
Zk: Zk: * -7cQQ 0
M| * * —v |
==
* * *

where

N

0

0
—7’c|

*

cT |
NT

0

0
-7l |

postmultiplying

QCT |

QNT
0
0

=7l J

1ij = AQ+QA +BK;CQ+Q'CTK] B

and its transpose in (115), then

_p-1
Q=P . Based on Lemma 3, it is easy to obtain that

Q+Q=QQ+I

From /¢, (117) isequivalent to

=7cQQ < -2y.Q+y,l ]

Thus, we can obtain

zzﬂlﬂ]®<o

i=1j=1

where
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where Y2ij ==27Q+7l

® can be further decomposed as below:

z+ HG+(HG)T <0

(120)
where
_ -
Py 0 Mp N QC
¥y O 0 ONT
Z=l e« 0 0 0 |
1(115) * * * _}/CI 0
i * * * * _7/CI
H=[KT8" 0 0 0 o
=|K|B ,
G=[0 NQ 0 0 O]
by
By using Lemma 3, it is follows that
z+ HG+(HG)T <+ HHT +¢G'G (121)
From (121), (119) is equivaent to
k k
<0 X 2Hmh <0
== : (122)
where
(116) Wy 00 M N, QcT BK;, 0
¥oi O 0 ONT 0 eQC
and s x 1 0 0 0 0
Aj=l o« o« 0 0 0 0
* * * * _ I 0 o
(117) Ve
* * * * * —el 0
* * * * * * _gl
(118) Notice that the inequality (122) is not jointly convex in Kj
and Q. Then, define CR=RC ang KiR=S o that
K; =S5; . . .
Q=S¢ . Substituting the result into (122) yields
(119) k k
ZZM/JJ—'U <0
=11 (123)
where ~ii are the same forms as that in (107). Then if
(104)-(105) are verified, then (124) holds.
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[11. INVERTED PENDULUM EXAMPLE

In this example, an inverted pendulum on a cart is considered
[21]. The dynamical equations are given by:

& =X

gsin(x)- niax%sm(zle)—bacos(xl)x‘l—acos(xl)F
% = 4 2
E—niacos(xl)
& =Xy
- asm(22xl) 4mlaxzsm(xl) bax4+—(F fe)
&:

2

g‘—moosul)

where X is the angular position, X, is the angular velocity,
X3 is the cart position, x, is the cart velocity, m is the
pendulum mass, M is the cart mass, g =9.8m/s is the
gravity constant, and a=1/(m+M) . In al simulations,
m=2.0kg, M =0.8kg, | =0.5m, and L=2m.

We consider that the nonlinear system is represented by two
local model T-S fuzzy models (k =2) and isgiven by

)&—Zy, Ax+Bu+M; f +E|d)

i=1

y = Cx+ Nfg
where
0 10 0 |
g ba
4 00 4
—-mla —-mla
A=l 0 0 1
-mga -ba
4 00 4
——ma ——ma
L 3 3 ]
0 10 0 1
§22 a2
T 0 O 2
il_mla il_mla
|3 2 3 2
& 0 00 1
-mga— ba
4 _ma 4 _ma
3 2 3 2 |
_ 0 0
ﬂ—mIa 4 mla
3 37 2
Bi=M; = 0 B =M; = o
4
- 4a
3 I
4 3
3z~ma 4_ma
L3 2 |
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1 00O 0
C=0 01 O|,N=|1
0011 0

Assume that the fuzzy rules as follows:

1

L+ exp(-1404 - )
(%) = po ,
1+ exp(—14(x + §))

1—

(%) =1-14(x)

Fault estimation

6=0.02 and py =10. By solving Theorem 1, one obtains
71 = 0.2734 with

design.  Choose  Af =1

H1:|2><2 y H2:|3><3! O'=0.1,

C _{ 7.1431 } _ _{7.1053}
1171 _135658| -2 | 91142
and the fuzzy sliding mode observer gain matrices
-1.5000 -18.5658 0O
-4.4118 -85.5867 0O
Gi=| 1 20.2038 0
29559 -23.3007 0
0 -5.0509 6
F 0 -1 0
-15000 -13.5658 O
Gui=| O 50509 0
1 -5.0509 0O
|0 0 1]
[-1.0607 -14.1142 O]
-3.1246 -60.1815 0
G.=| 1 20.0968 0
29595 -23.9046 O
|0 -5.0242 6
0 -1 0
-1.0607 -9.1142 0
Guo=| O 5.0242 0
1 -5.0242 0
0 0 1

Fault tolerant controller. By solving Theorem 3, we obtain
7c =3.1005 and the controller gain matrices

Ky =[-2.7838 —6.8067 —11.1030]

Ky =[-21520 -7.5055 -11.8265]
Simulation results. Assume the actuator fault f, and sensor
fault fg aregivenas

) :{ | 0 t<2
058n(z(t-2) t>2
0 t<5
5= {1 t>5
JITEE
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Fig. 1 presents actuator fault-estimation simulation results. SOFFTC has been designed to stabilize the closed-loop
Fig. 2 shows the simulation result of sensor fault estimation. system. Finally, anon-linear model of inverted pendulumwith
06 cart has been used to show the efficiency of the proposed

Real actuator fault

= = = Estimated actuator fault Obwver and Controller.

1 y "
4
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